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CHAPTER  I 


INTRODUCTION 

The  parametric  array  involves  simultaneous  radiation  of  two 
acoustic  signals  having  frequencies  and  from  a  single  source. 

If  the  amplitudes  of  these  two  signals,  which  are  called  the  primary 
waves,  are  sufficiently  high  that  the  medium  responds  nonlinearly  to 
the  propagation  of  the  signals,  intermodulation  distortion  occurs.  Com¬ 
ponents  having  frequencies  naj^  +  mu^  »  where  n,m  =  0,1,2,  ...»  are 
thus  generated  during  the  course  of  propagation.  Of  greatest  interest 
is  the  component  whose  frequency,  to  ,  is  given  by  the  difference  be¬ 
tween  the  frequencies  of  the  primary  waves,  .  The  primary 

frequencies  are  usually  selected  whereby  »  and  therefore 

U)  <<  *  Because  absorption  of  a  sound  wave  usually  increases 

with  frequency,  the  difference-frequency  signal  outlasts  not  only  all 
other  intermodulation  components,  but  the  primaries  as  well.  A  re¬ 
markable  consequence  of  generating  the  difference-frequency  signal  in 
this  fashion  is  that  the  directivity  function  is  roughly  equivalent  to 
those  of  the  primaries,  despite  the  fact  that  U)  <<  .  The 

parametric  array  thus  offers  a  means  of  radiating  a  signal  in  a  far 
narrower  beam  than  is  possible  by  conventional  radiation. 

Beginning  with  Westervelt's  landmark  paper  in  1963,^  analyses  of 
the  parametric  acoustic  array  have,  with  few  exceptions,  been  restricted 
to  arrays  formed  by  wave  interaction  in  dispersionless  fluids.  When 
two  finite-amplitude  primary  beams  interact  collinearly  in  a  dispersion¬ 
less  fluid  to  generate  a  difference-frequency  excitation,  the  virtual 
sources  assume  a  phase  distribution  corresponding  to  the  propagation 
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speed  of  the  primaries.  Because  the  difference-frequency  signal  propa¬ 
gates  at  the  same  speed,  it  is  coherently  amplified  along  the  length  of 
the  array.  It  is  precisely  this  phase  coherence  which  gives  rise  to  the 
end-fire  radiation  pattern,  which  is  the  hallmark  of  the  parametric 
array. 

In  a  dispersive  fluid  the  phasing  of  the  virtual  sources  does  not 
in  general  match  the  propagation  speed  of  the  difference-frequency  wave. 
An  indication  of  how  the  phase  mismatch  affects  parametric  array  for¬ 
mation  is  revealed  by  considering  the  lossless  collinear  interaction  of 

itu^t  -  kjZ)  i(w2t  -  k2z) 

two  plane  primary  waves  described  by  e  and  e  , 

where  k^  =  uk/c_.  is  the  wave  number  of  the  wave  having  frequency  ok 
and  propagating  at  speed  Cj  •  To  a  first  approximation,  where  the 
interaction  is  confined  to  the  waves  ,  k2  ,  and  k_  ,  and  where 

k_  =  oj  /c  ,  the  frequency-domain  wave  equation  that  the  difference- 
frequency  pressure  field  must  satisfy  is  of  the  form 


(i + k-K  ■ 


Ke 


-i(k1  -  k2)z 


Resonance  occurs  when  the  wave  number  (k^  -  k2>  of  the  forcing  function, 

i.e.,  of  the  virtual-source  distribution,  is  the  same  as  the  wave  number 

(k  )  of  the  difference-frequency  field.  The  amplitude  of  p  (z)  is 
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found  to  be  proportional  to 


sin  (k^  -  k2  -  k  )z/2 


kl  "  k2  "  k- 


In  the  absence  of  dispersion  (k^  -  k2  =  k  )  ,  the  amplitude  increases 


linearly  with  range.  This  growth  is  unbounded  because  we  have  neglected 
any  losses  (dissipative  and  finite-amplitude)  ordinarily  suffered  by  the 


primaries.  When  the  fluid  is  dispersive  (k.^  -  i  k  )  ,  the  amplitude 
oscillates  in  space  with  period  2tt/  !  k. ^  -  kfJ  -  k  |  .  Energy  transferred 
from  the  primaries  to  the  difference-frequency  signal  in  the  first  half 
spatial  period  is  thus  withdrawn  in  the  second  half  period.  The  cycle 
is  repeated  in  each  subsequent  period.  As  a  result,  if  the  interaction 
region  extends  beyond  tt/  | -  k_  |  ,  which  it  does  in  the  absence 
of  losses,  the  efficiency  of  the  parametric  interaction  is  severely 
diminished. 

The  effect  of  dispersion  and  in  particular  the  concept  of  phase 
matching  in  parametric  interactions  has  received  considerable  attention 
in  the  field  of  nonlinear  optics  because  of  the  strong  dispersivity  of 
most  optical  dielectrics.  (See,  for  example.  References  3  and  4.) 

Since,  on  the  contrary,  most  acoustical  media  exhibit  weak  dispersion, 
there  has  been  comparatively  little  interest  in  the  effect  of  dis¬ 
persion  on  the  performance  of  the  parametric  acoustic  array.  The  most 

common  cause  of  dispersion  is  relaxation,  for  which  the  dispersivity 

2  2  2 

is  measured  by  m  =  (c  -  c  )/c  ,  where  c  and  c  are  the 

°°  o  o  o  00 

sound  speeds  at  zero  and  infinite  frequency,  respectively.  For 
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example,  in  sea  water  the  value  of  m  is  in  general  less  than  10 
We  will  find  that  greater  dispersion  is  necessary  for  observation  of 
the  spatial  oscillations  described  above.  In  various  liquid  polymers, 
m  can  be  as  large  as  0.1  .  However,  such  large  dispersion  in  re¬ 
laxing  fluids  is  accompanied  by  extraordinarily  high  sound  attenuation, 
which  prohibits  observation  of  the  effects  of  the  dispersion. 

Inhomogeneous  fluids,  examples  of  which  are  bubbly  liquids 
and  aerosols,  provide  alternative  sources  of  dispersion.  Virtually 


unlimited  dispersion  is  easily  obtained  with  bubbly  water,  where  excess 
attenuation  of  sound  due  to  the  bubbles  is  maximized  near  the  resonance 
frequency  of  the  bubble  oscillations.  If  the  primary  frequencies  and 
the  difference  frequency  are  respectively  much  higher  and  lower  than 
the  bubble  resonance  frequency,  most  excess  attenuation  is  avoided 
and  the  effects  of  dispersion  on  the  parametric  array  should  be  easily 
observed.  Zabolotskaya  and  Soluyan^  suggested  the  use  of  bubbles  for 
enhancing  parametric  amplification  via  dispersive  wave  filtering. 

Recall  that  not  only  the  difference  frequency  is  generated  by  inter¬ 
modulation  distortion  of  the  primaries;  all  other  nonlinearly  generated 
components  draw  energy  from  the  primaries,  thereby  reducing  the  amount 
of  energy  available  for  amplification  of  the  difference-frequency  signal. 
Also,  interaction  of  the  sum-frequency  component  +  ui^)  with  the 

second  harmonic  of  the  lower-frequency  primary  ( 2oj2 )  causes  degenera¬ 
tive  coupling  with,  and  thus  attenuation  of,  the  difference-frequency 
signal.  Dispersive  wave  filtering  refers  to  conditions  where  all  non¬ 
linearly  generated  components  except  the  difference-frequency  signal 
suffer  the  detrimental  effects  of  dispersion. 

So  far  only  the  Soviets  have  considered  the  matter  of  parametric 
array  formation  in  a  dispersive  fluid.  Novikov, ^  the  first  to  address 
the  problem,  analyzed  the  interaction  of  nondiffracting  primary  waves 
in  a  relaxing  fluid  and  obtained  expressions  for  the  axial  nearfield  and 
the  farfield  radiation  pattern.  He  showed  that  maximum  radiation  occurs 
at  an  angle  given  by  0^  =  cos  ^[(k^  -  k^)/k  ]  .  Karamzin,  Sukhorukov, 
and  Sukhorukova^  followed  with  a  numerical  analysis  that  illustrates  the 
way  in  which  dispersion  can  be  employed  to  offset  the  small  phase  mis¬ 
match  caused  by  diffraction.  They  demonstrated  that  the  axial  intensity 


of  the  difference-frequency  signal  can  be  thus  increased  slightly  at 
certain  locations  within  the  parametric  array  field.  A  more  significant 

g 

contribution  is  that  of  Kozyaev  and  Naugol'nykh,  who  investigated 
parametric  array  formation  in  bubbly  water.  Although  their  analysis  is 
confined  to  collimated  plane  primary  waves,  it  is  novel  in  that  they 
consider  the  possibility  of  phase  matching  by  having  the  beams  intersect 
at  a  suitable  angle.  For  collinear  interaction,  they  showed  the  direc¬ 
tivity  function  to  be  a  version  of  Westervelt's  result'*'  for  an 
absorption-limited  array,  but  with  the  maximum  radiation  occurring  at 

the  angle  0^  obtained  by  Novikov.  More  recently,  Novikov  extended 

£ 

his  previous  analysis  to  include  diffraction  of  the  primary  beams.  He 
demonstrated  that  a  Gaussian  beam  model  also  yields  a  modified 
Westervelt  directivity  function  for  absorption-limited  arrays.  Without 
dispersion,  his  results  reduce  to  those  originally  obtained  by  Fenlon 
and  McKendree.^ 

A  peculiar  mistake  has  apparently  arisen  and  propagated  through 
6  7  8  9 

the  Soviet  literature.  ’  ’  ’  The  error  is  associated  with  the  sign  of 

the  parameter  that  measures  dispersion,  which  we  define  here  as 

6=1-  (k^  -  k2)/k_  .  We  obtain  6=0  for  no  dispersion 

(c^  =  C2  =  c_)  ,  6  >  0  for  normal  dispersion  (c^  >  >  c  )  ,  and 

6  <  0  for  anomalous  dispersion  (c^  <  C2  <  c_)  .  Novikov0  initially 

analyzed  the  axial  nearfield  of  an  array  formed  in  a  weakly  relaxing 

fluid,  where  for  c.  =  c„  =  c  and  c  =  c  ,  m  can  be  approximated 

by  26  .  While  he  began  with  the  proper  wave  equation,  he  obtained  a 

solution  which  contains  m  with  the  wrong  sign.  However,  as  shown 

£ 

below,  because  Novikov  neglected  diffraction  in  the  primary  beams  and 
considered  only  cases  of  high  absorption,  his  error  in  the  axial 


solution  is  insignificant  and  hence  academic.  On  the  other  hand,  a 
similar  mistake  by  Karamzin,  Sukhorukov,  and  Sukhorukova^  led  to  the 
erroneous  conclusion  that  anomalous  dispersion,  not  normal  dispersion, 
is  necessary  for  increasing  the  conversion  efficiency  of  the  parametric 

g 

array.  Kozyaev  and  Naugol'nykh,  while  deriving  the  proper  directivity 
function  which  has  a  maximum  at  0q  =  cos  ^[(k^  -  k2)/k  ]  ,  failed  to 
correctly  interpret  it.  They  stated  that  the  direction  of  maximum 
radiation  is  shifted  off-axis  when  k^  -  k^  >  k  (6  <  0)  ,  while 

clearly  this  shift  can  occur  only  when  k^  -  k^  <  k  (6  >  0)  .  Finally, 
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Novikov  introduced  6  with  the  wrong  sign  in  his  wave  equation  and 
subsequently  carried  the  mistake  through  his  entire  analysis.  Incorrect 
conclusions  were  thus  reached  regarding  both  the  behavior  of  the  axial 
field  and  the  farfield  directivity  pattern. 

Analysis  of  the  parametric  array  is  complicated  by  the  need  for 
adequate  descriptions  of  the  primary  wave  fields,  since  the  product  of 
the  primaries  constitutes  the  distribution  of  virtual  sources  which 
radiates  the  difference-frequency  signal.  When  the  amplitudes  of  the 
primaries  are  sufficiently  weak  that  shock  formation  does  not  occur, 
the  nonlinear  wave  equation  may  be  solved  by  successive  approximations. 
Such  is  usually  the  case  in  practice,  i.e.,  it  is  assumed  that  the 
primaries  remain  relatively  unaffected  by  the  nonlinear  interaction. 
Therefore,  once  the  primary  wave  fields  are  known,  the  difference- 
frequency  field  can  be  evaluated,  to  a  first  approximation,  by  the 
method  of  Green's  functions.  Westervelt^  considered  primary  beams  which 
are  so  narrow  that  their  width  can  be  neglected.  He  obtained  a  direc¬ 
tivity  function  for  the  difference-frequency  signal  which  describes  the 
radiation  pattern  resulting  from  a  semi-infinite  end-fire  line  array. 


The  Tj^ttas  extended  Westervelt's  farfield  analysis  to  primaries 


radiated  by  a  finite  aperture.  In  both  cases,  no  account  was  taken  for 
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spreading  of  the  primary  beams.  Muir  accounted  for  the  directivity 
of  the  primaries  by  assuming  that  most  nonlinear  interaction  occurs 
beyond  the  nearfield,  and  thus  integrated  over  the  product  of  the 
primary-beam  directivity  functions.  His  result,  which  he  demonstrated  may 
be  used  in  the  nearfield,  requires  numerical  integration.  A  number  of 
authors^ considered  the  effect  of  the  primary-wave  nearfield  by 
matching  plane-wave  and  spherical-wave  solutions.  More  sophisticated 
solutions  which  are  valid  for  the  nearfield  of  the  array  require  numer¬ 


ical  integration.  An  exception  is  the  closed-form  analytical  nearfield 
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solution  obtained  by  Novikov,  Rudenko,  and  Soluyan,  who  solved 
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Kuznetsov  s  nonlinear  paraxial  wave  equation  for  Gaussian  primary 


beams.  Their  analysis  was  subsequently  extended  by  Novikov,  Rybachek, 


18. 


and  Timoshenko  '  to  encompass  the  entire  paraxial  field,  for  which  a 


simple  analytical  solution  exists  along  the  acoustic  axis.  The  utility 


of  using  Gaussian  primary  beams  was  demonstrated  by  Fenlon’s^’  ^ 


detailed  analyses  where,  by  appropriate  scaling,  he  developed  approxi¬ 
mate  analytical  solutions  for  fields  radiated  by  uniformly  excited 
circular  and  rectangular  projectors. 

Our  analysis  begins  with  a  discussion  in  Chapter  II  of  the  effect 
of  dispersion  on  parametric  arrays  formed  by  collinear  interaction  of 
collimated  plane  primary  waves.  In  Chapter  II  much  of  the  basic  analysis 
is  laid  out  for  the  remainder  of  the  thesis.  Specifically,  we  discuss 
in  Section  2.2  the  region  in  which  nonlinear  interaction  occurs.  It  is 
in  the  interaction  region  that  dispersion  is  manifested  via  spatial 


oscillations  of  the  difference-frequency  signal.  The  interaction 


region  is  terminated  when  the  primaries  become  sufficiently  weak  that 
they  no  longer  sustain  significant  nonlinear  interaction.  We  assume 
in  Chapter  II  that  the  primaries  do  not  experience  spreading  losses. 
Moreover,  we  assume  throughout  the  thesis  that  the  primaries  are  of 
sufficiently  weak  finite  amplitudes  that  they  impart  only  a  small 
percentage  of  their  energy  to  the  nonlinearly  generated  signals.  These 
losses  from  the  primaries  are  called  finite-amplitude  losses.  There¬ 
fore,  in  the  absence  of  both  spreading  and  finite-amplitude  losses, 
dissipation  eventually  terminates  the  interaction  region.  An  array 
terminated  in  this  way  is  called  an  absorption-limited  array.  In 
Section  2.3  we  discuss  the  effect  of  dispersion  on  the  farfield 
radiation  pattern  of  an  absorption-limited  array. 

The  subsequent  analysis  is  an  extension  of  Fenlon  and 

McKendree's10  Gaussian  beam  model  for  parametric  arrays,  to  the  case 
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of  dispersive  fluids  as  discussed  by  Fenlon  and  Hamilton.  ’  By  way 
of  Gaussian  primary  beams,  diffraction  as  well  as  dispersion  and 
dissipation  is  taken  into  account.  Not  only  does  diffraction  induce 
spreading  losses  and  thus  compete  with  dissipation  in  terms  of 
attenuation  of  the  primaries;  it  also  introduces  slight  phase  mis¬ 
matching  beyond  that  created  by  dispersion.  Diffraction  also  has  a 
significant  effect  on  the  directivity  pattern.  Assuming  weak  finite- 
amplitude  conditions,  we  use  the  method  of  successive  approximations  to 
solve  a  modification  of  Kuznetsov's"^  paraxial  wave  equation.  Chapter 
III  is  devoted  to  a  derivation  of  Green's  functions  and  eigenfunctions 
of  the  paraxial  wave  equation.  In  Chapter  IV  we  present  a  detailed 
analysis  of  parametric  arrays  formed  by  collinear  interaction  of 
Gaussian  primary  beams.  Attention  is  restricted  in  Section  A. 2  to  the 


axial  difference-frequency  field,  after  which  we  discuss  the  farfield 
radiation  pattern  in  Section  4.3.  We  conclude  Chapter  IV  with  a  dis¬ 
cussion  of  the  sum-frequency  signal,  which  behaves  quite  differently 
from  the  difference-frequency  signal.  In  Appendix  C,  the  field 
equations  derived  in  Chapter  IV  are  transformed  for  application  to 
sum-  and  difference-frequency  fields  resulting  from  primaries  radiated 
by  circular  piston  projectors.  Predictions  made  with  the  transformed 
equations  are  compared  with  data  reported  in  the  literature  for  com¬ 
ponents  generated  by  finite-amplitude  beams  in  dispersionless  fluids. 

Phase  mismatching  occurs  not  only  because  of  dispersion,  but 

also  as  a  result  of  noncollinear  interaction  of  the  primaries.  When 

— ►  ->■  —► 

plane  primary  waves  intersect  at  such  an  angle  that  =  k  , 

phase  matching  with  the  difference-frequency  signal  is  accomplished. 

Phase  matching  in  a  dispersionless  fluid  is  therefore  possible  only  for 


collinear  interaction  where  k^  and  k^  have  the  same  direction. 
However,  noncollinear  interaction  presents  the  possibility  of  phase 
matching  in  dispersive  fluids,  which  is  the  motivation  behind 
Chapters  V  and  VI.  In  any  event,  the  analysis  presented  here  for 
parametric  arrays  formed  by  noncollinear  interaction  is  entirely  new. 

In  Chapter  V  we  parallel  the  analysis  in  Chapter  II  of  parametric  arrays 
formed  by  nondiffracting  primaries,  except  that  we  consider  the  case  of 
noncollinear  interaction.  In  Chapter  VI  we  again  resort  to  Gaussian 
beams  where  the  effect  of  diffraction  on  noncollinear  interaction  in  a 
dispersive  fluid  is  examined. 
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CHAPTER  II 


PARAMETRIC  ARRAYS  FORMED  BY  NONDIFFRACTING 
COLLINEAR  PRIMARY  WAVES 

In  this  chapter  we  neglect  the  effect  of  diffraction  on  the 
primaries,  and  analyze  the  effect  of  dispersion  on  parametric  arrays 
formed  by  collinear  interaction  of  collimated  primary  waves.  Simple 
analytical  solutions  are  thus  obtained  from  which  physical  interpreta¬ 
tion  of  the  effects  of  dispersion  are  easily  deduced.  We  begin  in 
Section  2.1  with  a  discussion  of  the  second-order  wave  equation,  as 
well  as  the  method  of  solution,  which  will  be  used  in  this  chapter. 

In  Section  2.2  we  analyze  the  behavior  within  the  interaction  region  by 
considering  the  problem  of  plane-wave  interaction.  The  farfield  is 
investigated  in  Section  2.3  by  way  of  Fresnel  approximations  of  the 
Green's  function  solution. 

2 . 1  The  Wave  Equation  and  the  Parametric  Array 

During  the  past  two  decades,  a  vast  number  of  articles  pertain¬ 
ing  to  parametric  array  formation  in  dispersionless  fluids  has  appeared 
in  the  literature.  Excellent  concise  surveys  may  be  found  in  the 
introductions  of  References  10  and  13,  which  together  bring  the  reader 
up  to  1979,  and  direct  him  to  other,  less  accessible  reviews.  We  thus 
restrict  our  attention  primarily  to  that  work  which  relates  to  the 
problem  at  hand,  namely  the  effect  of  dispersion  on  the  parametric  array 
The  parametric  array  is  perhaps  the  most  well-known  application 

of  nonlinear  acoustics.  Westervelt  conceived  the  parametric  array 
22  1 

(first  reported  in  1960,  but  not  published  until  1963)  as  a  conse- 

2' 

quence  of  Lighthill's  '  acoustic  analog  equation,  which  was  originally 
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derived  to  describe  the  radiation  of  sound  by  turbulent  flow.  By  mani¬ 
pulating  Lighthill's  exact  equation,  Westervelt  derived  the  following 
approximate  wave  equation: 


L  1^£ 


P  c 
o  o 


,2  2 

JLp._ 

9t2 


(2.1) 


where  p(x,y,z,t)  is  the  acoustic  pressure,  cq  is  the  small-signal 
sound  speed,  pQ  is  the  ambient  density  of  the  fluid,  and  8  is  the 
coefficient  of  nonlinearity.  For  liquids  we  have 


8=1+  B/2A  , 

24 

where,  if  P  is  the  total  pressure  (static  plus  acoustic). 


B 

A 


the  derivative  is  taken  at  p  =  pQ  and  constant  entropy.  For  an  ideal 

gas  B/A  is  y  -  1  ,  where  y  is  the  ratio  of  specific  heats,  and 

therefore  8  is  (y  +  1 )  / 2  .  As  pointed  out  recently  by  Tj«5tta  and 
25 

Tj^tta,  the  approximations  which  lead  to  Equation  (2.1)  restrict  its 
application  to  waves  whose  surfaces  of  constant  phase  possess  large 
radii  of  curvature.  Such  waves  are  referred  to  as  quasi-plane  waves, 
an  example  of  which  is  a  spherical  wave  when  kr  >>  1  .  However,  this 
restriction  does  not  affect  our  analysis  because  we  are  concerned 
primarily  with  the  paraxial  region  of  highly  collimated  beams. 

The  quadratic  nonlinearity  in  Equation  (2.1)  arises  from  non- 
linearities  in  the  equations  of  state  and  motion.  As  discussed  in 
greater  detail  in  Section  5.1,  8  accounts  for  the  relative  importance 

of  the  sources  of  nonlinearity.  The  term  B/2A  represents  the 
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quadratic  nonlinearity  in  the  equation  of  state  relating  the  pressure 
and  density.  The  factor  of  unity  represents  convection  of  the  fluid 
which  results  from  the  finite  amplitude  of  the  particle  velocity,  u. 

In  fact,  the  propagation  speed  varies  from  point  to  point  on  a  waveform, 
and  is  given  by 

cQ  +  3u  , 

where  c^  here  refers  to  the  small-signal  sound  speed,  i.e.,  the  propa¬ 
gation  speed  of  the  zero  crossings  of  the  wave.  A  waveform  therefore 
becomes  increasingly  distorted  during  the  course  of  propagation.  The 
nature  of  the  distortion  can  be  understood  from  Equation  (2.1).  Com¬ 
ponents  are  generated  having  frequencies  which  result  from  the  con¬ 
tinuous  squaring  of  the  propagating  signal.  For  example,  a  sinusoidal 
waveform  becomes  enriched  with  every  harmonic  of  its  original 
(fundamental)  frequency.  Of  course,  the  nonlinearly  generated  components 
are  created  at  the  expense  of  energy  in  the  fundamental.  This  energy 
drain  from  the  fundamental  is  referred  to  as  finite-amplitude  losses. 

Westervelt  exploited  the  quadratic  nonlinearity  in  the  inter¬ 
action  of  two  highly  directional  collinear  sound  beams  of  different 
frequencies.  Specifically,  if  the  two  beams,  called  primaries,  have 
frequencies  and  >  »  then  the  nonlinearity  in 

Equation  (2.1)  gives  rise  to  secondary  components  having  frequencies 
2u'j  ,  2oj^  ,  co+  =  tdj  +  a)^  ,  and  uj  =  to  -  u)?  .  Until  they  are 
sufficiently  attenuated  by  dissipative,  spreading,  or  finite-amplitude 
losses,  the  primaries  continuously  pump  energy,  during  the  course  of 
propagation,  into  the  secondary-frequency  components.  The  region  in 
which  the  energy  transfer  takes  place  is  called  the  interaction  region. 
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In  a  dispersionless  fluid,  the  primaries  propagate  at  the  same  speed  as 
the  secondary  components.  The  interaction  is  then  synchronous  in  the 
sense  that,  because  the  primaries  do  not  shift  in  phase  relative  to  the 
secondary  components,  the  latter  are  amplified  coherently  over  the  en¬ 
tire  length  of  the  interaction  region.  Indeed,  the  phasing  is  such  that 
the  interaction  region  resembles  an  end-fire  array  which  is  radiating  at 
the  secondary  frequencies.  Westervelt  named  this  interaction  region  the 
parametric  array. 

The  remarkable  feature  of  the  parametric  array  is  that  the 
directivity  of  the  difference-frequency  signal  is  determined  not  so  much 
by  the  source  which  radiates  the  primaries,  but  by  the  length  of  the 
interaction  region,  i.e.,  of  the  virtual  end-fire  array.  The  differ¬ 
ence-frequency  signal  can  thus  be  radiated  as  a  far  narrower  beam  than 
would  be  possible  if  it  were  radiated  directly  by  the  source.  In 
general,  absorption  of  sound  increases  with  frequency.  For  example,  the 
viscous  attenuation  coefficient  of  sound  is  roughly  proportional  to  the 
square  of  the  frequency.  If  =  co^  ,  then  oo_  <<  »  whereby  the 

attenuation  coefficients  of  the  components  having  frequencies  u)j  , 

^2  ,  2w^  ,  2(^2  ,  and  co+  ,  are  at  least  an  order  of  magnitude  greater 

than  that  for  the  difference-frequency  component.  As  a  result,  the 
difference-frequency  component  outlasts  all  of  the  other  frequency 
components  radiated  by  the  parametric  array,  including  the  primaries 
despite  their  high  initial  amplitudes. 

In  the  frequency  domain.  Equation  (2.1)  becomes 


,  /  (*>  s 

+  p 

C  rU) 

o 


c 

o 


(2.2) 
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where 


m 


p«J< 


x,y,z)  =  j  p(x,v,z,t)  e  luJt 


dt 


and 


j 


=  j  V 


Q  =  I  p2(t)e  dt  =  I  p  ,p  ,  duJ *  =  p  *p 

co  I  I  kuj  Kco 


(2.3 


Even  though  Q  (x,v,z)  is  a  function  of  p  ,  Equation  (2.2)  has  the 

Cl)  *  Uj 

form  of  an  inhomogeneous  Helmholtz  equation.  Moreover,  Equation  (2.1) 
is  commonly  referred  to  as  the  inhomogeneous  wave  equation.  This  de¬ 
scription  follows  from  the  interpretation  of  as  a  volume-distri¬ 

buted  source  term.  In  fact,  because  of  this  interpretation,  Berktay 
2  6*"  2  7 

and  his  coworkers  ’  used  the  term  "virtual  sources"  to  describe  the 
interaction  region. 

We  now  account  for  dissipation  and  dispersion  in  an  ad  hoc 
manner.  Suppose  e  characterizes  the  scale  of  the  acoustic  pressure 
amplitude  and  u  the  scale  of  the  combined  effects  of  dissipation  and 
dispersion.  Linear  lossless  terms  are  then  of  order  e  ,  linear  lossy 

terms  are  of  order  ye  ,  most  significant  nonlinear  lossless  terms  are 

2  2 
of  order  c  ,  and  nonlinear  lossy  terms  are  of  order  ye  and  higher 

If  we  regard  the  effects  of  nonlinearity,  dissipation,  and  dispersion 

as  each  being  small,  none  of  which  we  wish  to  neglect  entirely,  the 

ordering  hierarchy  becomes  as  follows  :  first-order  terms  are  of  order 

2 

e  ,  second-order  terms  are  of  order  e  and  ye  ,  and  all  remaining 
terms  are  third-  and  higher-order.  Therefore,  in  a  second-order  wave 
equation,  terms  accounting  for  either  dissipation  or  dispersion  do  not 
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V 


appear  in  combination  with  ,  since  such  products  constitute  third- 
order  quantities.  We  thus  include  the  effects  of  dissipation  and  dis¬ 
persion  by  rewriting  Equation  (2.2)  as 


y2p  +  2  =  n 

'W  uj  4  To 

P  c 
o  o 


(2.4) 


where 


iot 

U) 


The  wave  number  =  to/c^  depends  on  the  frequency-dependent  sound 
speed  c  ,  a  is  the  attenuation  coefficient,  and  c  is  an 
arbitrary  reference  sound  speed,  i.e.,  c^  evaluated  at  an  arbitrary 
frequency . 

In  this  thesis  we  use  the  method  of  successive  approximations  to 

obtain  second-order  solutions  of  Equation  (2.4).  For  sufficiently  high 

source  amplitudes,  the  second-order  solutions  become  unsuitable,  and 

higher-order  approximations  become  necessary.  Our  analysis  is  therefore 

valid  only  when  we  can  safely  ignore  finite-amplitude  losses  incurred 

by  the  primaries  as  a  result  of  energy  transfer  to  the  secondary- 

frequency  components.  To  ensure  acceptable  accuracy  of  the  second- 

order  solutions,  we  consider  only  sources  which  emit  waves  of  suffi- 

13 

ciently  weak  finite  amplitudes  that  shock  formation  does  not  occur. 

For  example,  at  the  point  where  an  initially  sinusoidal  plane  wave 
forms  a  shock  front  in  an  inviscid  fluid,  the  amplitude  of  the  funda¬ 
mental  is  only  down  to  88%  of  its  original  value. 

We  are  interested  in  this  chapter  only  in  axisymmetric  source 
excitations.  We  also  assume  in  this  chapter  that  the  primaries  do  not 
experience  diffraction.  For  a  source  which  is  located  in  the  center  of 
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the  x-y  plane  and  radiating  in  the  positive  z  direction,  the 

boundary  conditions  for  the  two  primaries  are  given  by  p.(e,0)  ,  where 

2^2  2 

j  =  1,2  represents  and  ,  respectively,  and  e  =  x  +  y 

In  the  first  approximation,  the  primaries  obey  the  linear  wave  equation, 
that  is.  Equation  (2.4)  with  =  0  .  The  linear  form  of  Equation  (2.4) 
which  is  to  be  solved  for  plane  primary  waves  thus  becomes 


Pj (£,z) 


=  0 


(2.5) 


For  wave  propagation  in  the  positive  z  direction,  the  solution  of 
Equation  (2.5)  is  simply 

"iX,z 

p^(e,z)  =  p^(e,0)e  3  .  (2.6) 

In  the  second  approximation,  the  source  term  is  a  function 

of  only  the  primary  wave  fields.  Effects  resulting  from  interaction  of 
the  secondary-frequency  components  with  either  the  primaries  or  other 
second-  or  higher-order  frequency  components  are  therefore  not  taken 
into  account.  For  the  difference  frequency.  Equation  (2.3)  becomes 


* 

Q_(e,z)  =  Pj (e,z)  p2(e,z)  ,  (2.7) 

£ 

where  p2  is  the  complex  conjugate  of  p2  .  Combining  Equations  (2.4), 
(2.6),  and  (2.7),  we  obtain  for  the  inhomogeneous  wave  governing  the 
difference-frequency  pressure  field. 


(V2  +  x2)  P  (£,*)  = 


2  * 

*  -i(X,  ~  XJz 

- PL  (e,0)  p2(e,0)  e 

pc 

o  o 


(2.8) 


J 

I 

■J 
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An  interesting  analogy  may  be  made  if  we  now  rewrite 


Equation  (2.8)  in  the  following  one-dimensional  form: 


(z) 


(2.9) 


where  we  have  neglected  dissipation.  Equation  (2.9)  is  an  inhomogeneous 
Helmholtz  equation  of  the  functional  form  which  governs  the  response  of 
a  simple  harmonic  oscillator  to  an  external  harmonic  driving  force.  We 
obtain  the  equation  for  the  oscillator  by  replacing  spatial  variables  in 
Equation  (2.9)  with  temporal  variables,  i.e.,  by  replacing  z  by  t 
and  k  by  w  ,  so  that  we  have 

(~2  0  .  -iw  t 

— 2  +  j  w(0  =  Ae  S  » 


where  w  is  the  displacement  of  the  oscillator,  a>e  is  the  excitation 
frequency,  and  u)_  is  the  natural  frequency  of  the  system.  When 
coe  =  co_  >  we  say  that  resonance  occurs,  and  the  displacement  amplitude 
of  the  oscillator  increases  linearly  with  time.  However,  when  the 
excitation  frequency  is  close  but  not  equal  to  the  natural  frequency  of 
the  oscillator,  the  oscillator  responds  by  beating. 

By  analogy,  we  can  expect  a  similar  behavior  of  the  pressure 
amplitude  obtained  from  Equation  (2.9).  When  =  k  ,  the 

pressure  amplitude  grows  linearly  with  range,  whereas  if  k^  -  k^  ^  k  , 
it  undergoes  beating.  The  phenomena  of  linear  growth  and  beating  of 
the  pressure  amplitude  are  therefore  exhibited  in  space  rather  than 
time.  Here  we  are  interested  in  the  relation  of  the  spatial  frequency 
of  the  forcing  function  (k^  -  k^)  ,  i.e.,  of  the  virtual-source  dis¬ 
tribution,  to  the  natural  spatial  frequency  of  the  difference-frequency 
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signal  (k  )  .  This  relation  depends  of  course  on  the  dispersivity  of 
the  fluid.  However,  whereas  the  response  of  the  oscillator  is  a 
function  only  of  time,  p  is  in  general  a  function  of  two  or  three 
spatial  variables.  We  can  thus  anticipate  greater  flexibility  in  the 
response  of  p  to  the  excitation  due  to  the  virtual  sources. 


2 . 2  Interaction  Region 

Here  we  investigate  nonlinear  interaction  between  the  primaries 
and  the  difference-frequency  signal  by  obtaining  exact  solutions  for 
the  angular  spectrum  of  the  pressure  field  governed  by  Equation  (2.8) 
The  procedure  we  follow  to  obtain  solutions  of  Equation  (2.8)  is 
similar  to  that  given  by  Novikov. b  By  way  of  the  Hankel  transform,  we 
may  expand  the  pressure  field  in  an  angular  spectrum  of  cylindrical 
wave  modes: 


p  (e,z)  =  I  A  (k.,z)  .1  (k  c)  k  dk  , 

(1)  I  Ul  C  O  L  C  t. 


(2.10 


oo 

A  (k  ,z)  =  I  p  (e,z)  J  (k  e)  cdc 

(jO  C  I  (a)  O  £ 


(2.11 


In  terms  of  A  (k  )  ,  Equation  (2.8)  becomes 

(a)  C 


/  ^  )\ 

^  +  Xz  A-(l\  ’z)  =  A12(kc}  e  ’  (2A2 

'  >  o  c 


where 


(2.14) 


A12(ke> 


OQ 

'}  pi(t% 


0)  p,(e,0)  Jq  (k^e)  tide  . 


The  solution  of  Equation  (2.12)  is  given  by 


2  £ 

Bw  A  (k  )  -i(X,  "X,)z  "i-X  z  *X  z 

A  (k  z)  =  - j  ■  — - — 1-T-  e  Z  +  B . e  Z  +B.e 

-  £  4rZ.  Z  n  I  Z 

PoVXz  “  (X1  'X2>  ] 

(2.15) 

where  B^  and  B^  are  constants  of  the  homogeneous  solution.  For 
progressive  wave  propagation  in  the  positive  z  direction,  we  must 
have  B9  =  0  .  If  in  addition  we  assume  that  the  difference-frequency 
signal  is  not  radiated  directly  by  the  source  (i.e.,  p_(e,0)  =  0  ), 

then  Bj  is  determined  and  Equation  (2.15)  becomes 


Bw  A.„(k  ) 

A  (k  ,z)  =  - y  £  j-y 

-  £  ^-(xrx;)2] 


-i(x1-x2)z  -ix  z 


]  .  (2.16 


Simple  rearrangement  of  Equation  (2.16)  yields 


A_(k£,z)  =  - £ 


i2Bw^A12(k£)  sin[(x1  -X2 -Xz)z/2]  -KXj  ~ X2  +  Xz> z/2 


Poco(Xl-x2  +  V 


Xi-X2-Xz 


(2.17 


In  general,  p  (e,z)  is  difficult  to  obtain  via  Equations  (2.10)  and 

(2.17)  because  of  the  complicated  dependence  of  A  (k^.,z)  on  Xz  » 

since  x  is  a  function  of  k 
Az  e 

A  simple  yet  important  exception  is  the  case  in  which  the  pri¬ 
maries  are  plane  waves  with  initial  amplitudes  p^(e,0)  =  p^  .  We 
thus  obtain  k  =0  and  X  =  X  >  and  Equation  (2.17)  becomes 


(z)  = 


i8k_poiP02  -(a_+aT/2)z  sin[(k1~k2-k_-iaT) z/2]  -i(k  -k  +k_)z/2 
-  e  — 


2 

P  c 
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k1-k2-k_-iaT 


(2.18) 


where 


=  a  +  a2  -  a_  . 

2*2 

In  Equation  (2.18)  we  replaced  2u)_/(x^  "  X2  +  X  )c  by  k  .  The 
justification  is  the  assumption  that  dispersion  is  small  and  k  »  a  , 
whereby  the  amplitude  of  p  (z)  is  relatively  unaffected  by  the 
approximation.  However,  the  same  approximation  cannot  be  made  in  the 
exponentials. 

We  begin  with  an  analysis  of  Equation  (2.18)  where  we  neglect 

absorption.  Of  course,  absorption  and  dispersion  are  not  physically 

independent  parameters;  their  interdependence  can  be  determined  from 

28 

the  Kramers-Kronig  relations.  However,  we  vary  absorption  and  dis¬ 
persion  independently  in  this  thesis  for  the  purpose  of  illustrating 
their  effects  on  nonlinear  interaction.  In  the  absence  of  absorption, 
Equation  (2.18)  reduces  to 


P  (z)  = 


lgp01P02 

x  2 
op  c 
o  o 


sin  (5k  z/2)  e 


-i(k1  -  k2  +  k_) z/2 


(2.19) 


where 


6  =  1 


(2.20) 


The  dispersion  parameter  5  is  zero  when  k^  -  k2  =  k  ,  positive  when 
k^  -  k2  <  k  ,  and  negative  when  k^  -  k2  >  k  .  By  normal  dispersion 


we  mean  that  the  speed  of  sound  increases  with  frequency,  whereas  by 


anomalous  dispersion,  we  mean  that  the  speed  of  sound  decreases  with 


frequency.  Therefore,  6  is  positive  for  normal  dispersion 

(0^  >  c0  >  c_)  and  negative  for  anomalous  dispersion  (c^  <  c^  <  c  )  . 

The  behavior  of  Equation  (2.19)  is  illustrated  in  Figure  1. 

From  Equation  (2.19)  we  find  that  the  period  of  spatial  oscillation  in 
amplitude,  X  ,  is 


2tt 


Xq  Ik,  -  k  -  k 


(2.21) 


which  in  terms  of  6  is  A  =  2tt / 1 6 1  k  .  The  reason  for  the  oscilla- 

q  1  - 


tions  is  that  the  phasing  of  the  virtual  sources  does  not  always 
coincide  with  the  phase  of  the  difference-frequency  signal.  Since  the 


wave  number  of  the  virtual-source  excitation  is  k^  -  k^  and  the  fre¬ 


quency  of  radiation  is  oj  ,  the  propagation  speed  of  the  excitation 


due  to  the  virtual  sources,  c  ,  is 

8 


c 

8 


(2.22) 


which  is  different  from  that  of  the  difference-frequency  signal, 
c  =  oj  /k 

Referring  to  Figure  2,  we  identify  c  as  the  group  velocity  of 

8 

the  signal  formed  by  the  two  primaries.  When  there  is  no  dispersion, 
c^  =  c_  ,  and  the  virtual  sources  interact  synchronously  with  the 
difference-frequency  wave.  The  result  is  a  continuous  transfer  of 
energy  from  the  primaries  to  the  difference-frequency  signal,  which 
results  in  coherent  amplification  of  the  latter.  Such  is  the  case 
where  6=0  in  Figure  1.  In  general,  with  dispersion  we  have 
c  ^  c  .  In  this  case,  the  phase  of  the  excitation  due  to  the  virtual 
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Figure  2.  Illustration  of  the  Group  Velocity, 
c  *=u  /(k,  -  k_)  ,  Associated  with  the 

g  w  1  2 

Collinear  Propagation  of  Two  Primary 
Waves  (u)+/u)  =  20)  . 


AS-83-700 


sources,  relative  to  that  of  the  difference-frequency  signal,  passes 
through  360°  over  the  distance  A  .  It  is  because  of  the  consequent 

q 

cyclic  behavior  of  the  energy  flow  between  the  primaries  and  the 

difference-frequency  signal  that  the  amplitude  of  the  latter  experiences 

the  oscillations  illustrated  in  Figure  1.  The  direction  of  energy  flow 

in  the  region  0  <  z  <  A  /2  is  from  the  primaries  to  the  difference- 

2 

frequency  signal.  Rudenko  and  Soluyan  refer  to  A  /2  as  the  coherence 

q 

length  of  the  interaction. 

An  interesting  physical  interpretation  can  be  made  by  realizing 
that  the  solution  in  the  form  of  Equation  (2.16)  represents  the  homo¬ 
geneous  plus  the  particular  solution  of  Equation  (2.12).  For  the  case 
of  infinite  plane  waves,  we  thus  obtain 

—  (ct^  +  a^)z  -i(k^  -  k^)z  -a_z  -ik_z 
p_(z)  «  e  e  -  e  e 

For  no  dispersion  we  have,  from  Equation  (2.16), 

I  -(a.  +a  )z  -a_z  i 

|p_(z)  |  |  e  -  e  |  ,  (2.23a) 

|p  (z) |  a  z  ,  a  =  0  .  (2.23b) 

For  no  dispersion  and  little  to  no  dissipation,  the  amplitude  of  the 

difference-frequency  signal  grows  linearly  with  range,  at  least  so  long 

as  our  approximations  in  the  derivation  of  Equation  (2.8)  remain  valid. 

For  a  dispersionless,  dissipative  fluid,  however,  the  amplitude  is 

-(a^  +  o^) z  -a  z 

governed  by  Equation  (2.23a).  The  factors  e  and  e 

arise  from  the  particular  and  homogeneous  solutions  of  Equation  (2.8), 
respectively.  In  general,  a  <  a^+  a0  ,  and  therefore  the  difference- 

— CX  2 

frequency  signal  decays  at  sufficiently  great  distances  as  e 


In  Section  2.1  we  noted  that  because  a  is  small  compared  to  , 

t«2  >  etc.,  p_  is  the  sole  survivor  of  the  components  radiated  by  the 

parametric  array.  There  is,  however,  dichotomy  in  the  coexistence  of 
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the  homogeneous  and  particular  solutions.  The  homogeneous  solution  is 

a  freely  propagating  difference-frequency  wave  having  wave  number  k 

and  attenuation  coefficient  a  .  The  particular  solution,  on  the  other 

hand,  is  a  forced  difference-frequency  wave  which  corresponds  to  the 

excitation  due  to  the  virtual  sources.  The  forced  wave  is  governed  by 

the  wave  number  -  k?  and  attenuation  coefficient  .  A 

manifestation  of  the  coexistence  of  the  two  waves  is  the  wave  number  of 

p_  in  Equation  (2.18).  We  find  that  the  wave  number  is  neither  k 

nor  k,  -  k„  ,  but  the  average  of  the  two. 

12 

In  Figure  3  we  see  the  way  the  effects  of  dissipation  compete 
with  those  of  dispersion.  For  sufficiently  high  attenuation,  the 
spatial  oscillations  are  entirely  damped  out,  and  the  effects  of  dis¬ 
persion  may  for  all  practical  purposes  be  neglected. 

We  now  consider  the  behavior  of  the  interaction  region  for  source 
excitations  having  arbitrary  amplitude  distributions.  When  dissipation 
is  omitted.  Equation  (2.13)  yields 


2  2  2 

k  =  k  +  k 

-  e  z 


If  we  let  9  denote  the  angle  formed  with  the  z  axis  by  the  direction 
of  propagation  of  any  particular  mode,  we  have 


k  =  ksinO  ,  k  =  k  cos  9 

e  -  z  - 
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Equation  (2.17)  may  thus  be  rewritten  as 


i2BuT 

A_(0,z)  = - A  2(0) 

P  c 
o  o 


sin[  (k^  -  k2  -  k_  cos  0)z/2]  -i(k^-k0+k  cos  0)z/2 


[(k^  -  k^)-  -  (k_  cos  0)^] 


(2.24) 

From  Equation  (2.24)  we  find  that  only  the  angular  component 
which  propagates  in  the  direction  8  given  by 


k,  -  k„ 


0  =  cos 

o 


“(V1) 


(2.25) 


interacts  synchronously  with  the  primaries  and  thus  grows  linearly 
throughout  the  interaction  region.  Novikov^  describes  Equation  (2.25) 
as  the  condition  for  Cerenkov  radiation  of  the  difference-frequency 
wave.  Cerenkov  radiation  refers  to  the  light  emitted  by  charged 
particles  which  travel  faster  than  the  speed  of  light.  For  Equa¬ 
tion  (2.25)  to  possess  a  real  solution  for  0q,  it  is  required  that 
k^  -  k^  <  k_  .  Thus,  when  the  virtual-source  excitation  propagates 
faster  than  a  difference-frequency  signal,  we  have  the  analogy  with 
Cerenkov  radiation  insofar  as  the  virtual  source  excitation  behaves  as 
an  independent  moving  source. 


2 . 3  Farfield  of  the  Parametric  Array 

The  analysis  in  the  previous  section  is  not  suitable  for  inves¬ 
tigation  of  the  farfield  radiation  pattern,  specifically  because 
expressions  for  p  (e,z)  cannot  in  general  be  obtained  from 
Equation  (2.17).  Instead,  to  solve  Equation  (2.8),  we  shall  use  the 
Green's  function,  which  lends  itself  to  the  appropriate  farfield 
approximations.  In  this  section  the  procedure  is  followed  which  was 
originally  employed  by  Westervelt.^ 


0' 


JL, 


JLj 
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It  is  well  known  that  the  Green's  function  for  Equation  (2.8)  is 


where  r  and  r'  are  the  position  vectors  of  the  observation  and 
source  points,  respectively.  The  solution  of  Equation  (2.8)  can  thus  be 
written 


i3oj 

P_(r,0)  =  - - 

4tto  c 
o  o 

(2.26) 

where  V'  is  the  volume  of  integration  containing  the  virtual-source 
distribution,  and  0  is  the  azimuthal  angle  subtended  by  r  and  the 
z  axis. 

Evaluation  of  |r  -  r'|  is  similar  to  that  usually  performed 
when  calculating  the  radiation  pattern  of  a  circular  piston.  Referring 
to  Figure  4,  we  have  for  the  right  triangle 

|r-r’l2  =  a2-F(z-  z')2  , 

and  by  the  law  of  cosines 

a2  =  e2  +  e'2  -  2 ee'  cos  ip 

2  2  2 

After  eliminating  a  and  replacing  e  +  z  by  r  ,  we  get 


J 


V' 


*  ,  -iCXj-X*)*'  e~1X- 

P1(e,,0)p2(e,,0)e  - - - 


r  -  r 


dV' 


,  2zz '  ^  ,e\ 

cos  ip - +  (~) 


+ 


(2.27) 


If  the  observation  points  are  far  removed  from  the  interaction  region, 
(e'/r)  and  (z'/r)  are  small  quantities  of  order  (r'/r)  .  We  thus 


expand  Equation  (2.27)  and  discard  terms  of  order  (r'/r)  and  higher 
to  obtain 

|r  -  r'|  =  r  -  e'  sin  0  cos  ip  -  z'  cos  0  ,  (2.28) 

where  the  relations  e  =  r sin  0  and  z  =  r cos  0  have  been  used. 

Equation  (2.28)  is  no  more  than  the  Fresnel  approximation  of 
Equation  (2.27)  (see,  e.g.,  Reference  30). 

For  the  geometry  in  Figure  4  we  have  dV'  =  e'de'dijjdz'  ,  where 
the  ranges  of  integration  are 

0<e'<oo  t  0  <  ij;  <  2tt  ,  0  <  z'  <  z 

After  replacing  |r  -  r'J  by  r  in  the  denominator  of  Equation  (2.26) 

while  employing  Equation  (2.28)  in  the  exponential,  we  obtain 


P  (r,0)  = 


6o) 


e 


4 

4ttp  c 
o  o 


-iy  r  z  .  *  , 

A-  -  -i(x1  ~X2  _  X_  cos  0)z' 

e 


dzf 


CO 


Pjte' »0)p*(e' ,0) 


sin  0  cos  ip 


dipe'de' 


(2.29) 


The  integral  over  z’  yields 

exp{-[aT  +  i(k1  -k^  -  k_  cos  0)]z} 
aT  +  i  (k1  -  k2  -  k_  cos  0) 


which  for  large  a^z  reduces  to 


J 


_i (X !  ~  X2  "X. 


cos  0)  Z ' 


1  - 


dz'  = 


_ 1 _ 

a  +  i(k  -  k_  -  k  cos  0) 


As  before,  we  have  a^,  =  -  ot  ,  because  a_  cos  0  has  been  re¬ 

placed  by  a  .  The  substitution  is  acceptable  because  we  are  concerned 
primarily  with  the  paraxial  field  where  0  is  small.  Moreover,  a_ 
is  generally  much  smaller  than  both  and  ,  and  therefore 

aT  ~  ai  +  a2  ‘  Integrating  over  ip  ,  we  have 


2tt 


J 


0 


iX  e '  sin  0  cos  ip 


dip  =  2TrJQ(x_e '  sin  0) 


Because  x_  =  k  -  ia  and  k  >>  a  ,  the  Bessel  function  is  conven¬ 
iently  expanded  about  k  e'  sin0: 


J0(X_e'  sin  0)  =  j^(k_e'  sin0)  -ia_e'  sin  0  J^(k_e'  sin  0)  +  ... 


=  JQ(k  e '  sin  0)  +  ia  £ '  sinB  J^(k  e'  sin0)  +  ...  , 

where  J'(x)  =  dJ  (x)/dx  .  Therefore,  when  k  e'  sin  0  <<  1  as  is  the 
o  o  - 

case  in  the  paraxial  field,  we  obtain 

J  (x  e'  sin  0)  ~  J  (k  e’  sin  0) 
o  -  o  - 

Equation  (2.29)  now  becomes 


P  (r ,9) 


-iX_r 

e 


2a„,p  c 
loo 


r 


A12(0)  d”(0) 


(2.30) 


where  A^(0)  is  given  by  Equation  (2.14)  with  k_  =  k  sin  0  ,  and 


W  aT 

a  +  i(k  -  k  -  k  cos  0) 

r  l  2  - 


(2.31a) 


1  +  i2(k  /a  ) [sin2  (0/2)  -  6/2] 


•  i 


(2.31b) 


where  again  5=1-  (k^  -  k^)/k 

We  recognize  in  Equation  (2.30)  as  the  aperture  factor 
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referred  to  first  and  again  recently  by  Tj^tta  and  Tj^tta.  *  The 
aperture  factor  accounts  for  the  effect  of  finite  source  aperture  on 
nonlinear  generation  of  the  difference-frequency  signal.  For  example, 
if  both  primaries  are  radiated  by  a  circular  piston  of  radius  a  ,  i.e., 

p.<e,°)  -  P0J  .  0  <  E  <  a 

=  0  ,  e  >  a  , 

evaluation  of  Equation  (2.14)  leads  to 


P  (r,6)  = 


^a2p01P02  e“1X- 


4 

40tTP^C^ 

loo 


2J  (k  a  sin  0)  - 


k  a  sin  0 


(2.32) 


When  6=0,  Equation  (2.32)  reduces  to  the  result  obtained  by  Tj^tta 
and  TjtfStta."^  Similarly,  for  Gaussian  primary  beams  where 

-(e/e  )2 

P_,(e,0)  -  pGje 

Equation  (2.30)  becomes 

„ 2  2  -iy  r 

/  ^  -  oPGlPG2  e  ~  r  1  ,2  2  .  2  „W^S 

p  (r,0)  =  - 7 - exp{-  —  k  e  sin  0}  D~(0)  .  (2.33) 

—  -  nr  o-o  o 

8a  p  c 
loo 


Inspection  of  Equations  (2.32)  and  (2.33)  shows  that  A^O)  * 

when  properly  normalized,  represents  the  directivity  function  of  a 

difference-frequency  signal  which  is  radiated  linearly  from  a  source 

■k 

defined  by  p^(e,0)p2(e,0)  .  Such  a  result  is  consistent  with  the  con¬ 
cept  of  difference-frequency  radiation  by  a  volume  distribution  of 
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virtual  sources,  and  becomes  obvious  when  we  consider  the  so-called 
product  theorem  of  array  theory  (see,  e.g..  Reference  32).  According  to 
the  product  theorem,  the  directivity  function  of  an  array  composed  of 
directive  elements  (all  elements  the  same)  is  given  by  the  product  of 
the  element  directivity  function  and  the  directivity  function  of  the 
array  when  the  elements  are  replaced  by  point  sources. 

As  an  example,  we  consider  the  case  where  the  primaries  are 
radiated  by  a  circular  piston  of  radius  a  .  Since  we  assumed  that  the 
primaries  do  not  experience  diffraction,  the  virtual  sources  acquire 
the  shape  of  disks  of  radius  a  which  are  stacked  coaxially  along  the 
z  axis,  as  shown  in  Figure  5a.  The  directivity  function  for  each 
differential  element  of  the  array  is,  of  course, 


2J^ (k  a  sin  0) 
k  a  sin  0 


(2.34) 


since  each  element  is  radiating  at  the  difference  frequency.  If  we  re¬ 
place  each  of  the  elements  by  a  point  source,  we  obtain  the  line  array 
depicted  in  Figure  5b.  The  line  array  is  semi-infinite,  beginning  at 

the  origin  and  extending  to  z  =  °°  ,  and  possesses  an  amplitude  dis- 

-a  z 
T 

tribution  given  by  e  .  Recall  from  Equation  (2.22)  that  the 

phasing  of  the  virtual  sources  corresponds  to  a  wave  propagating  at 
speed  0^  =  w  /(k^  -  k^  in  the  positive  z  direction.  The  phase 
delay  associated  with  each  differential  virtual  source  is  thus  given 
by  —  (cu  /c  )z  .  When  there  is  no  dispersion,  the  phase  delay  reduces 
to  -k  z  .  Calculation  of  the  directivity  function  for  this  semi¬ 
infinite,  amplitude-tapered,  phase-shaded,  line  array  is  not  difficult. 


and  the  result  is 


PHASE  ,  o  o.  AMPLITUDE 


AS-83-703 


(2.35) 


D(0) 


_ 1 _ 

1  4-  i(k  /a_)(c  /c  -  cos  9) 
_  T  -  g 


Replacing  c^  by  oj  / (k ^  -  k?)  in  Equation  (2.35)  we  again  obtain 

Equation  (2.31),  while  the  product  of  Equations  (2.34)  and  (2.35) 

yields  the  directivity  function  in  Equation  (2.32),  as  required.  The 

preceding  analysis  is  of  course  general  and  can  thus  be  extended  to  any 

source  geometry,  as  seen  by  inspection  of  Equation  (2.30).  In  all  cases 
W 

the  function  D,,(0)  is  recovered. 

o 

When  the  difference-frequency  wavelength  is  large  compared  to 

the  size  of  a  virtual  source  (e.g.,  when  k_a  <1  or  k_£Q  <  1  )»  the 

aperture  factor  depends  weakly  on  8  ,  and  the  directivity  function  in 

W 

Equation  (2.30)  is  given  primarily  by  D^(0)  .  This  is  the  case  con¬ 
sidered  by  Westervelt  for  a  dispersionless  fluid.  That  is,  he  obtained 

the  function  D^(0)  ,  which  is  D^(0)  when  evaluated  at  6=0. 
o  o 

Westervelt  referred  to  DW(0)  as  the  Rutherford  directivity  because  of 

o 

its  similarity  to  the  function  describing  Rutherford  scattering  of  a 

particles.  Westervelt' s  result  is  said  to  apply  to  absorption-limited 

arrays,  which  are  parametric  arrays  formed  by  highly  collimated  primary 

beams  where  dissipation  restricts  nonlinear  interaction  to  the  nearfield 

W 

of  the  primaries.  Hereafter  we  shall  refer  to  D^(9)  as  a  modified 

W 

Westervelt  directivity  function.  Strictly  speaking,  D^(0)  is  not  a 

true  directivity  function  in  the  sense  that  it  is  not  normalized  to 

W 

unity  when  6  <  0  .  It  is  worth  mentioning  that  Dq(0)  produces  a 
directivity  pattern  which  has  no  sidelobes.  This  remarkable  property 
is  a  consequence  of  the  infinite  extent  of  the  parametric  array,  whose 
termination  is  in  the  form  of  an  exponential  amplitude  taper. 
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The  phasing  of  the  virtual  sources  strongly  affects  the  direc¬ 
tivity  of  the  parametric  array.  At  an  angle  0^  given  by 


‘(V1)  • 


8  =  cos 

o 


(2.36) 


D^(0)  attains  its  maximum  value  of  unity.  Equation  (2.36)  is  the  same 
condition  given  by  Equation  (2.25)  for  the  component  of  the  angular 
spectrum  which  experiences  synchronous  interaction  with  the  primaries. 
However,  the  interpretation  here  is  somewhat  different.  Equation  (2.25) 
gives  the  synchronism  condition  for  a  specific  angular  component  of  the 
difference-frequency  signal  propagating  within  the  nonlinear  interaction 
region.  Equation  (2.36),  on  the  other  hand,  gives  the  direction  of 
maximum  radiation  from  a  line  array  which  is  phased  in  the  manner  dis¬ 
cussed  above,  and  which  radiates  at  frequency  u.  into  a  fluid  where 
the  sound  speed  is  c_  .  Of  course,  the  latter  behavior  is  manifested 
only  for  highly  collimated  primary  beams  where  the  aperture  factor  can 
be  neglected.  The  discussion  which  follows  addresses  this  case,  i.e., 
we  assume  the  primaries  are  sufficiently  collimated  that  the  directivity 
function  of  the  difference-frequency  signal  is  given  by  Dg(0)  • 

When  there  is  no  dispersion,  c^  =  c  .  The  phasing  of  the 
virtual  sources  thus  corresponds  with  the  speed  of  the  sound  being 
radiated,  and  we  recover  the  result  obtained  by  Westervelt^  for  the 
end-fire  array.  When  there  is  dispersion,  maximum  radiation  occurs  at 
the  angle  0^  =  cos  ^ (c  /c  )  >  which  is  the  same  as  that  given  in 
Equation  (2.36).  When  c^  >  c  ,  8q  is  the  direction  of  propagation 
of  a  difference-frequency  wave  which  travels  at  speed  c  and  projects 
a  phase  speed  c^  along  the  direction  of  the  array.  Radiation  from 
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the  interaction  region  is  thus  analogous  to  that  from  bending  waves  on 

an  infinite  plate  (see,  e.g..  Reference  33).  When  c  <  c  ,  the 

g 

equation  0  =  cos  (c  /c  )  no  longer  admits  a  real  solution,  and  the 

o  -  g 

i  W  i 

radiation  is  of  an  evanescent  nature.  Plots  of  |D^(0)|  for  both 
normal  (6  >  0)  and  anomalous  (5  <  0)  dispersion  are  presented  in 
Figure  6.  In  both  cases,  the  axial  farfield  level  is  significantly 
attenuated  according  to  how  much  5  differs  from  zero.  Specifically, 
we  find  that 


D> 


1 

1  -  i6k_/aT 


The  broadening  of  the  beam  is  indicated  by  the  half-power  angle,  de¬ 
fined  here  as  the  angle  beyond  which  the  pressure  squared  is  always 

3  dB  below  its  maximum  at  0  (0  =0  when  5  <  0)  : 

o  o 


6  >  0 


(2.37a) 


(2.37b) 


When  there  is  no  dispersion  we  have  the  well-known  result 

0  "  /2a  /k  .  The  beam  gets  wider  as  a  increases  because  the 

Hr  I  —  1 

array  becomes  shorter  by  virtue  of  higher  attenuation  of  the  primaries. 
The  beamwidth  also  increases  with  |6|  as  the  phasing  of  the  array 
departs  from  conditions  required  for  end-fire  radiation.  Note  that 
the  beamwidth  doe..  lot  (for  narrow  primary  beams)  depend  on  source 
dimensions . 
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Figure  6 


Modified  Westervelt  Directivity  Function, 

Dg(0),  (k_/aT  =  500). 


AS-83-704 


A  useful  description  of  the  shift  in  the  direction  of  maximum 
radiation  is  provided  by  the  use  of  vectors.  Specifically,  the 
direction  of  maximum  radiation  is  determined  by  the  orientation  of  the 
difference-frequency  wave  vector  k  so  that  its  component  in  the  z 
direction  is  given  by  k^  -  k7  .  Three  situations  (6=0,  6  >  0  , 

6  <  0)  for  a  highly  collimated  parametric  array  are  presented  in 
Figure  7.  When  there  is  no  dispersion,  k  is  aligned  with  the  z 
axis,  and  the  end-fire  radiation  pattern  results.  For  normal  dispersion 
(6  >  0)  ,  k_  sweeps  out  a  cone  forming  an  angle  0^  with  the  z 
axis.  For  anomalous  dispersion  (6  <  0)  there  is  no  orientation  of 
k_  for  which  its  z  component  is  k^  -  k  ;  the  directivity  function 
is  then  maximized  when  k  is  aligned  with  the  z  axis. 

g 

In  conclusion  we  note  that  Kozyaev  and  Naugol'nykh  derived  an 
expression  which  for  collinear  primary  beams  reduces  to  Equation  (2.31), 
if  in  Equation  (16)  in  their  article  we  replace  the  typographical  error 
kj  +  k^  by  k^  -  k^  .  However,  in  their  Equations  (19)  and  (20)  they 
state  that  the  direction  of  maximum  radiation  is  shifted  off  axis  when 
5  <  0  ,  but  not  when  6  >  0  .  Such  a  conclusion  is  clearly,  in  light 


of  the  abc -e  discussion,  in  error. 


(a) 


Figure  7.  Vector  Representation  of  Difference-Frequency 
Radiation  from  an  Absorption-Limited  Array 
for  (a)  No  Dispersion,  (b)  Normal  Dispersion, 
and  (c)  Anomalous  Dispersion. 


AS-83-705 


41 


CHAPTER  III 


THE  PARAXIAL  WAVE  EQUATION 

In  this  chapter  we  introduce  an  approximation  of  Westervelt’s 

equation  which  accurately  describes  the  wave  field  in  highly  collimated 

25 

beams,  but  is  easier  to  solve  than  Equation  (2.1).  Tj^tta  and  Tj^tta 
maintain  that  this  approximate  equation,  called  the  paraxial  wave 
equation,  accounts  for  nonlinear  effects  in  beams  no  less  accurately 
than  does  Westervelt's  equation.  The  reason  stems  from  assumptions 
made  when  combining  nonlinear  terms  to  obtain  the  form  given  by  the 
right-hand  side  of  Equation  (2.1).  We  proceed  to  write  the  nonlinear 
paraxial  wave  equation  in  such  a  way  that  it  accounts  for  the  effects 
of  both  dispersion  and  dissipation.  Next  we  derive  the  Green’ s 
function,  which  enables  us  to  rewrite  the  nonlinear  paraxial  wave 
equation  in  integral  form.  The  resulting  integral  equation  is  then 
solved  by  successive  approximations.  In  the  first  approximation  we 
obtain  the  solution  for  the  linearized  (homogeneous)  paraxial  wave 
equation.  The  homogeneous  solution  requires  integration  over  the 
product  of  the  boundary  condition,  i.e.,  the  source  excitation,  and 
the  Green's  function.  Analytical  evaluation  of  the  integral  is 
possible  when  the  boundary  condition  is  expanded  in  terms  of  an  appro¬ 
priate  set  of  orthogonal  functions.  The  resulting  solution,  which  is 
a  new  set  of  orthogonal  functions,  constitutes  the  eigenfunctions  of 
the  linearized  paraxial  wave  equation.  Combinations  of  the  eigen¬ 
functions  thus  yield  solutions  for  primary  wave  fields  resulting  from 
arbitrary  source  excitations.  As  in  Chapter  II,  the  second  approxi¬ 
mation  involves  replacing  the  quadratic  term  by  the  square  of  the 
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first-order  solution.  The  resulting  integral  solution  for  the  sum-  as 
well  as  difference-frequency  components  is  therefore  valid  throughout 
the  entire  paraxial  field  of  arbitrary  primary  beams. 

3 . 1  Kuznetsov's  Equation  with  Dispersion  Included 

It  became  evident  in  the  last  chapter  that  we  must  employ 

various  approximations  to  obtain  nontrivial  analytical  solutions  of  the 

wave  equation.  The  approximations  can  be  applied  either  to  the  exact 

integral  solutions  or  to  the  governing  wave  equation.  To  study  non- 

34 

linear  effects  in  beams,  Zabolotskaya  and  Khokhlov  derived  an  approx¬ 
imation  of  Equation  (2.1)  that  is  valid  throughout  the  paraxial  field. 
By  writing  their  equations  in  terms  of  the  retarded  time  t'  =  t  -  z/c 

o 

they  effectively  factor  out  the  strong  time  dependence,  which  causes 
rapid  variations  in  the  acoustic  waveform.  Terms  involving  two  z 
derivatives  are  then  discarded  on  the  basis  that,  along  the  direction 
of  propagation  of  a  beam,  variations  in  the  shape  of  the  waveform  due 
to  the  effects  of  nonlinearity  and  diffraction  are  small.  In  other 
words,  in  a  coordinate  system  that  travels  along  with  the  waveform, 
changes  with  distance  in  the  direction  of  propagation  are  gentle. 
Kuznetsov^  subsequently  extended  Zabolotskaya  and  Khokhlov's  paraxial 
nonlinear  wave  equation,  called  the  ZK  equation  in  the  literature,  to 
encompass  thermoviscous  fluids.  For  progressive  wave  propagation  in 
the  positive  z  direction,  Kuznetsov's  equation  is 


where  p(x,y,z,t')  is  the  acoustic  pressure, 


is 


t '  =  t  -  z/c 


retarded  time,  c  is  a  reference  sound  speed,  and 
'  o 


2  2 
V?  -  3  +  3 


1  '  3x2  9y2  ' 


Coefficients  describing  the  thermal  and  viscous  properties  of  the  fluid 
are  included  in 


b 


where  v  is  the  kinematic  viscosity,  V  =  2  +  A/y  is  the  viscosity 
number,  A  and  y  are  the  dilatational  and  shear  viscosity  coeffi¬ 
cients,  respectively,  y  is  the  ratio  of  specific  heats,  and  Pr  is 
the  Prandtl  number. 

25 

Using  perturbation  techniques,  Tj^tta  and  Tj^tta  argue  that 
Equation  (3.1)  possesses  the  same  degree  of  accuracy  as  Westervelt's 
wave  equation^  when  losses  are  included,  which  can  be  written  as 


/  -1  0  .  3  ,  d  p  2_2 

(1  ”  2C~b  9  -  C-V  P  = 


9t 


2  2 
V 
o 


P  c 
o  o 


~2  2 

l..E_ 

9t 2 


(3.2) 


Note  that  Equation  (3.2)  contains  two  z  derivatives  whereas 
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Equation  (3.1)  contains  only  one.  The  Tj^ttas  contend  that 
Equation  (3.2),  like  Equation  (3.1),  is  restricted  to  quasi-plane 
waves  which  can  be  expressed  as 

ito(t  -  z/c  ) 

p(x,y,z,t)  =  p^(x,y,z)e  ,  (3.3) 
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where  p^(x,y,z)  varies  slowly  in  the  z  direction.  Indeed,  if  we 
insert  Equation  (3.3)  into  Equation  (3.2)  and  assume  that 


*2 

9  p 

OJ 

« 

c 

9p 

UJ 

„  2 

3z 

9z 

0 

then,  if  the  nonlinear  term  is  omitted.  Equation  (3.2)  reduces  to 


9p  -  ic  „ 

U)  ,  ,  2  ,  o  n2 

-X —  +  bo  p  +  -r —  V.p  =0 
9z  cj  2co  I  a) 


(3.4) 


Equation  (3.4)  is  of  the  exact  form  assumed  by  the  linear  terms  in 
Equation  (3.1)  for  a  waveform  described  by  Equation  (3.3).  Any  restric¬ 
tions  imposed  upon  Equation  (3.2)  result  from  approximations  in  the 
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derivation  of  the  nonlinear  term.  Westervelt  maintains  that  retaining 
the  complete  Laplacian  in  (the  lossless  version  of)  Equation  (3.2),  and 
hence  asserting  the  applicability  of  Equation  (3.2)  to  arbitrary 
acoustic  fields,  is  justified  under  one  condition.  The  condition  is 
that  when  Equation  (3.2)  is  solved  for  non-planar  waves  in  the  second 
approximation,  the  solution  for  the  secondary  components  is  sought  only 
for  regions  which  are  far  removed  from  the  virtual  sources.  From  the 
above  considerations,  it  thus  appears  that  for  the  analysis  of  colli¬ 
mated  beams,  no  loss  of  accuracy  results  from  using  Equation  (3.1) 
instead  of  Equation  (3.2). 

Equation  (3.1)  is  especially  well  suited  for  the  analysis 
of  Gaussian  beams.  When  linearized,  Equation  (3.1)  provides  a  nearly 
exact  description  of  the  paraxial  field.  Moreover,  within  the  near¬ 
field  of  Gaussian  primaries,  where  substantial  nonlinear  interaction 

2 

occurs,  the  term  containing  the  diffraction  operator  (i.e.,  Vjj>)  tends 
to  zero,  and  Equation  (3.1)  reduces  to  the  Burgers  equation.  The 
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Burgers  equation  is  an  excellent  approximation  of  the  exact  equations 

that  govern  plane  wave  propagation  in  weakly  nonlinear  and  dissipative 
36 

fluids.  Solutions  obtained  from  Equation  (3.1)  for  the  difference- 
frequency  field  resulting  from  Gaussian  primaries  are  therefore  valid 
for  the  entire  paraxial  field.  Thus,  despite  the  subtle  controversial 
discrepancies  between  Equations  (3.1)  and  (3.2),  Equation  (3.1)  is 
adequate  for  the  purposes  of  our  analysis. 

We  now  proceed  to  introduce  dispersion  in  the  paraxial  wave 
equation.  If  diffraction  is  neglected  in  Equation  (3.4),  which  is  the 
linearized  version  of  Equation  (3.1)  when  a  solution  of  the  form  of 
Equation  (3.3)  is  assumed,  we  obtain 


uJ  ,  2  . 

17  +  b“  Pa)  =  0  • 


(3.5) 


For  boundary  condition  e  at  z  =  0  the  solution  of  Equation  (3.5) 

-bw2 

is  simply  2tt6(u)  -  u^)  e  ,  which  in  the  time  domain  becomes 


-bod  z  ltd  (t  -  z/c  ) 
o  o  o 

p  =  e  e 


(3.6) 


Hereafter  we  shall  omit  the  subscript  on  u)q  .  From  Equation  (3.6)  we 
2 

identify  bu)  as  the  small-signal  attenuation  coefficient  a  .  In 

td 

17  25 

the  derivation  ’  of  Equation  (3.1),  the  effects  of  dissipation, 
diffraction,  and  nonlinearity  are  each  accounted  for  to  the  same  order 
of  magnitude.  It  is  therefore  consistent  to  introduce  dispersion  via 
a  modification  of  the  dissipation  term  since,  as  discussed  in 
Section  2.1,  dispersion  and  dissipation  are  competitive  with  respect  to 
their  effect  on  the  waveform.  Consequently,  dispersion,  like  dissipa¬ 
tion,  is  neglected  in  the  x  and  y  directions. 
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Dispersion  is  thus  introduced  in  Equation  (3.6),  and  hence 
Equation  (3.1),  by  replacing  the  attenuation  coefficient  by 


a  =  a  4-  i(k - )  , 

co  to  co  c 

o 


(3.7) 


where 


k  =  —  , 

a)  c 

co 


and  c^  is  the  frequency-dependent  sound  speed.  In  the  absence  of 
dispersion,  the  imaginary  part  of  vanishes,  leaving  only  the  atten¬ 

uation  coefficient  oi  .  Equation  (3,6)  now  becomes 

-a ' z  .  _ , 

co  icot 
p  =  e  e 


-a  z  ico(t-z/c) 
co  co 

=  e  e 


(3.8) 


As  required,  Equation  (3.8)  describes  a  plane  wave  traveling  at  speed 

-V 

c  and  being  attenuated  as  e  .We  wish  now  to  write 

co 

Equation  (3.1)  in  a  general  form  that  accounts  for  arbitrary  attenua- 

2 

tion  and  dispersion.  Note  that  the  attenuation  coefficient  boo  , 

which  is  associated  with  Equation  (3.1),  results  from  the  factor  of  b 

37 

times  two  time  derivatives  of  the  pressure.  Following  Blackstock,  we 
introduce  an  operator  D  which  is  defined  according  to  the  relation 


D(p  (x,y,z)  e1Wt  }  =  -a'p  (x,y,z)  eia)t 

CO  00  CO 


(3.9) 


and  rewrite  Equation  (3.1)  in  the  following  general  form: 


9z9t'  9t 


9  n/  ,  o  „2 
7T  D(p)  -  —  Vjp 


3  2 

2p  c  9t' 
o  o 


(3.10) 
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By  comparing  Equations  (3.1)  and  (3.10),  we  find  that 


D(p)  =  b 


(3.11) 


for  thermoviscous  fluids,  whereby  using  Equations  (3.7)  and  (3.9),  we 
obtain 


,2  03 

a  =  bo)  ,  k  =  —  , 

03  03  c 

o 


(3.12) 


as  required.  For  monorelaxing  fluids  we  have 


,  n.  m  3  I  -(t'-rO/t  , 


2c  at'  I  9n 

O  J 

—  CO 


(3.13) 


which  we  deduce  by  comparing  Equation  (3.10)  with  the  naraxial  wave 
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equation  derived  by  Rudenko,  Soluyan,  and  Khokhlov.  The  dispersivity 
of  a  monorelaxing  fluid  is 


2  2 

c  -  c 

<30  O 


where  c  and  c^  are  the  respective  sound  speeds  at  zero  and  in¬ 
finite  frequency  (also  called  the  equilibrium  and  frozen  sound  speeds, 
respectively),  and  T  is  the  relaxation  time.  From  Equations  (3.9) 
and  (3.13)  we  thus  obtain 


'o  1  +  (o3T ) 


1  +  (u)T ) 


for  monorelaxing  fluids.  Extensions  of  Equation  (3.14)  to  multi 


relaxing  fluids  are  provided  by  Klinman. 


In  general,  we  do  not  need  an  explicit  analytical  expression  for 


D  ,  as  given  for  example  in  Equations  (3.11)  and  (3.13).  It  is  suffi¬ 
cient  to  know  a  and  c  for  the  frequencies  of  interest.  For 
instance,  a  common  source  of  dispersion  in  fluids  is  bubbles,  for  which 
an  adequate  mathematical  description  is  extremely  involved.  In  fact, 
for  liquids  containing  bubbles  in  concentrations  sufficient  to  induce 
dispersion,  the  nonlinear  effects  arising  from  the  dynamic  nonlinearity 
of  the  bubble  oscillations  exceed  those  due  to  the  hydrodynamic  contri¬ 
bution.  It  then  becomes  necessary  to  replace  8  in  Equation  (3.1)  by 
a  suitable  expression  which  accounts  for  the  additional  nonlinearity. 
Discussions  of  the  parameters  a  ,  k^  ,  and  8  for  bubbly  water  can 
be  found  in  References  8  and  40. 

The  effect  of  the  operator  D  on  wave  propagation  is  illustrated 
more  clearly  after  we  transform  Equation  (3.10)  into  the  frequency 
domain  to  obtain 


3p 
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3z 


1C  T 

_ o  „2. 

'7i)pu 


i8co 


2p  c 
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3  Qco 


(3.15) 


whe  re 

Q  (x,y,z)  =  p  (x,y,z)*p  (x,y,z)  .  (3.16) 

CO  CO  CO 

Note  that  a  distinction  is  made  between  the  Fourier  transformation 
which  gives  rise  to  Equation  (2.2)  and  that  which  gives  rise  to 
Equation  (3.15).  In  the  former,  the  transform  involves  t  ,  whereas 
in  the  latter  it  involves  the  retarded  time  t?  .  Equation  (3.15) 
therefore  yields  solutions  containing  the  exponentials  given  in 
Equation  (3.8). 


3.2 


Green’s  Functions 


As  in  Chapter  II,  we  will  solve  our  governing  nonlinear  wave 
equation  by  the  method  of  successive  approximations.  In  the  first 
approximation  the  nonlinear  term  is  neglected.  We  thus  let  Q  =  0  , 

OJ 

whereby  Equation  (3.15)  assumes  the  form  of  a  diffusion  equation  where 
the  time  derivative  is  replaced  by  a  spatial  derivative.  Because  the 
sound  field  is  unbounded  in  the  x  and  y  directions,  we  require  only 
one  boundary  condition  to  satisfy  the  single  z  derivative.  The 
boundary  condition,  which  we  prescribe  at  z  =  0  ,  defines  the  source 
excitation  of  the  primary  beams.  Solving  Equation  (3.15)  when  =  0 
subject  to  the  boundary  condition  at  z  =  0  ,  we  thus  obtain  the 
solution  for  the  primary  wave  field.  As  before,  the  second  approxi¬ 
mation  involves  evaluating  with  the  solution  derived  from  the  first 

approximation,  and  then  solving  the  resulting  linear  inhomogeneous 
differential  equation.  Since  the  homogeneous  solution  is  the  same  as 
before,  it  is  the  particular  solution  of  this  inhomogeneous  equation 
that  provides  the  correction  to  the  first  approximation,  and  is  the 
solution  for  the  secondary  field  components  which  result  from  squaring 
the  primary  field.  Both  homogeneous  and  particular  solutions  are 
easily  obtained  once  the  Green's  function  is  known.  Moreover,  by  using 
the  Green's  function  we  can  express  Equation  (3.15)  in  integral  form, 
which  lends  itself  more  readily  to  solution  via  successive  approxi¬ 
mations  . 

The  Green's  function  problem  associated  with  Equation  (3.15)  is 

+  +  V1)8C0  =  <Ux  "  X'}  6(y  “  y,)  6(z  -  z,)  ’  (3-17) 


A 
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for  z  <  0  , 


(3. 18 


g(0(x,y,Z|x',y\z')  =  0  , 


where  g  ( r | r * )  is  the  Green's  function,  6(0  is  the  Dirac  delta 


to 


function,  r  =  (x,y,z)  is  the  observation  point,  and  r'  =  (x',y',z' 


is  the  source  point.  Equation  (3.17)  can  be  solved  with  the  same 
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techniques  which  are  used  to  solve  the  diffusion  equation,  the  only 


essential  difference  being  the  factor  a'  . 

to 


We  thus  proceed  to  express  g  (r|r')  in  terms  of  its  angular 
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(3.20 


In  terms  of  G  ,  Equation  (3.17)  becomes 
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The  solution  of  Equation  (3.21)  that  satisfies  Equation  (3.18)  is 


-ik  x'  -  ik  y1  f  <  \ 
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where 
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y  =  a - r  (k  +  k  ) 
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(3.23 
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The  integral  in  Equation  (3.22)  is  elementary,  yielding 


G  (k  ,k  ,z)  =  exp{-ik  x'  -  ik  y'  -  y(z  -  z ')}  H(z  -  z')  , 

toxy  x  y 

(3.24) 

where  H(z)  is  the  Heaviside  function  defined  by 

H(z)  =1  ,  z  >  0 
=  0  ,  z  <  0 

Combining  Equations  (3.19)  and  (3.24)  gives  the  solution. 


g„(r|r') 
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exp{ik  (x  -  x' )  +  ik  (y-y')-y(z-z')}dkdk 
x  y  x  y 


which  we  write  using  Equation  (3.23)  as  follows: 

2  ~ct  *  ( z  —  2  * ) 
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Evaluation  of  1^  and  I  is  easy,  and  Equation  (3.25)  becomes 
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(3.26) 


Equation  (3.26)  is  simply  the  Fresnel  approximation  of  the  Green's 
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function  for  the  Helmholtz  equation.  Homogeneous  solutions,  i.e., 
primary  wave  fields  derived  from  Equations  (3.1)  and  (3.15)  are  there¬ 
fore  excellent  approximations  of  the  exact  solutions  obtained  from  the 
Helmholtz  equation,  insofar  as  the  Fresnel  approximations  remain  valid. 

The  homogeneous  solution  of  Equation  (3.15)  is  obtained  by  inte¬ 
grating  over  the  product  of  the  boundary  condition  and  the  Green's 
function  as  follows: 


00 

p^(x,y,z)  =J*J  p(J(x’,y',0)  gw(x,y,z|x'  ,y' , 


0)  dx'dy'  .  (3.27) 


Likewise,  the  particular  solution  of  Equation  (3.15)  is  obtained  by 
integrating  over  the  product  of  the  forcing  function  and  the  Green's 
function : 


p;(x,y,z)  = 
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(3.28) 


Note  that  no  approximations  are  assumed  by  writing  Equation  (3.28), 
because  Q  is  still  a  function  of  p  .  Since  the  complete  solution 

CO  (0 

of  Equation  (3.15)  is  given  by  the  sum  of  the  homogeneous  and  particular 
solutions , 
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we  have,  using  Equations  (3.26),  (3.27),  and  (3.28), 
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(3.29) 


Equation  (3.29),  which  was  first  derived  by  Fenlon, 13,19  is  an 
exact  integral  representation  of  Equation  (3.15).  In  the  first 
approximation  the  integral  over  is  omitted,  and  the  remaining 

integral  over  the  boundary  condition,  p^U.y.O)  ,  yields  the  primary 
wave  field.  This  is  just  the  homogeneous  solution.  In  the  second 
approximation  is  evaluated  with  the  field  obtained  in  the  first 

approximation.  The  resulting  integral  over  thus  provides  a 

correction  to  the  solution  obtained  from  the  integral  over  pw(x,y,0)  , 
the  latter  being  the  same  homogeneous  solution  which  is  obtained  in  the 
first  approximation.  In  the  second  approximation,  it  is  the  integral 
over  that  yields  solutions  for  the  secondary  field  components. 

Similar,  and  somewhat  simpler,  results  may  be  derived  for  fields 

resulting  from  axisymmetric  radiation.  As  shown  in  Appendix  A,  the 

Green  s  function  for  Equation  (3.15)  when  the  field  can  be  expressed 

2  2  2 

3S  *  where  c  =  x  +  y  ,  is  given  by 
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For  axisymmetric  radiation,  the  integral  form  of  Equation  (3.15)  thus 
becomes 
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as  given  by  Fenlon  and  McKendree.  Equation  (3.31)  may  also  be  ob¬ 
tained  from  Equation  (3.29)  by  letting  x  =  e  cos  ip  and  y  =  csinip 


3.3  Eigenfunctions  and  the  Second-Order  Solution 


We  now  derive  the  eigenfunctions  for  the  linearized  paraxial 
wave  equation, 

9p  ic  9 

+  (a'  +  ~  Vj)p  =  0  .  (3. 

dZ  a)  2j0  l  rco 
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As  demonstrated  by  Kogelnik,  ’  C.auss-Hermite  functions  of  the  form 


-x2/2 


where” 


H  (x)e 
n 


2  a11  2 

u  z  x  a  -x 

H  (x)  =  (-1)  e  - -  e 


is  a  Hermite  polynomial  of  order  n  ,  are  solutions  of  Equation  (3.32) 

when  a'  =  0  ,  and  form  a  complete  orthogonal  set.  The  orthogonality 
(0 
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relation  satisfied  by  Equation  (3.33)  is 


f  H  (x)  H  (x)  e  X  dx  =  6  2nnl/n 
I  m  n  mn 


(3.34) 


By  way  of  the  following  derivation,  we  introduce  the  dimensionless 
parameters  that  will  be  used  extensively  in  Chapters  IV  and  VI. 

We  begin  by  expressing  our  boundary  condition  as 


p  (X,Y,0)  =  Y'  V1  P  H  (./2X)  H  (/2Y)  e 
*a)v  ’  ’  La  La  mn  m  n 


2  2 
-X  -  Y 


(3.35) 


m  =  0  n  =0 


where 


X  =  —  ,  Y  = 

e  c 

o  o 


The  significance  of  ,  which  is  an  arbitrary  constant,  is  derived 

from  the  lowest  order  mode  of  p^(X,Y,0)  where  m  =  n  =  0  .  Since 

H  =  1  ,  the  fundamental  mode  is  Gaussian,  and  e  is  thus  the  initial 
o  o 

spot  size  of  the  resulting  Gaussian  beam  which  is  the  fundamental  mode 
of  radiation.  Using  the  orthogonality  relation  in  Equation  (3.34),  we 
find  that  the  coefficients  in  Equation  (3.35)  are  given  by 


P  =  (Trm!  n !  2 
mn 


oo 


2  2 

p  (X,Y,0)  H  (/2X)H  (/2Y)  e~X  "Y  dXdY 
w  m  n 


(3.36) 
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We  obtain  our  solution  of  Equation  (3.32)  from  Equation  (3.27), 
which  in  dimensionless  form  becomes 


-a '  Z  “ 


pJX.Y.Z)  -ifiC-- 


J  J  Pu(X',Y',0)exp{-i|[(X-X')2  +  (Y-Y')2J)  dX'dY' 


where 


2 

w  e 

z  ,  ,  0  0^0) 

—  ,  a  =  a  z  ,  z  =  — -  ,  0  =  — 

z  ai  a)  o  o  2c  a) 

o  o  o 


and  is  an  arbitrary  reference  frequency.  Thus,  z  is  the  col- 

limation  distance  of  the  fundamental  mode  at  frequency  co^  ,  so  that 
Z  =  1  marks  the  transition  region  where  that  mode  passes  from  its 


nearfield  to  its  farfield.  The  normalized  parameters  become  extremely 
useful  when  we  analyze  in  detail  parametric  arrays  formed  by  Gaussian 
primary  beams.  Inserting  Equation  (3.35)  into  Equation  (3.37),  we 
obtain  for  the  homogeneous  solution 


Pu(X,Y,Z) 


“iV  EE  P„nI„<X-Z)  VY-Z>  ■ 


m  =  0  n  =  0 


where 


I  (X,Z) 
m 


H  (/2X')  exp(-X’ 
m 


i  |  (X  -  X’)2}  dX’  , 


I  (Y ,  Z)  =  f  H  ( i/2  Y '  )  exp(-Y'  2  -  i  §  (Y  -  Y')2}  dY’  . 


After  some  manipulation,  we  can  evaluate  I  and  I  with  the  help  of 

m  n 
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integral  tables.  Equation  (3.38)  becomes 


OO  00 


p  <X,Y,Z)  =  V  V  P  E  (X,Y,Z;fi)  , 

to  z— <  ImmJ  mn  mn 

m  =  0  n  =  0 


(3.39) 


where 


E  (X,Y,Z;fi)  =  TITTUP  Hm  i  ~  I  «  j  ffi- = 

1  m  I  A  +  ( z/n )2  >  n  \  A  +  (Z /ft)2 


exp 


2  2 

~^"-+iZ/Q  +  +  tan  1('Z ^ 


(3.40) 


The  orthogonality  relation  satisfied  by  the  eigenfunctions  is 


00 

II 


E  (X,Y,Z  ;f2)E  (X,Y,Z;fi)  dXdY 
mn  pq 


.  .  -2aZ 

6  6  TTm!n!2m+n  "  1  e  W 

mp  nq 


(3.41) 


where  a'  +  a'  =  2a  ,  and  a  =  ct  z  .  When  a'  =  0  ,  the  eigen- 

GJW  0)  CO  CO  O  CO  6 
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functions  reduce  to  those  presented  by  Cook  and  Arnoult  in  their 
analysis  of  radiation  from  ultrasonic  transducers. 

For  weak  interactions,  the  source  term  for  the  sum  and  differ¬ 
ence  frequency  is  approximated  by 


(*), 


Q±(X,Y,Z)  =  p L (X, Y , Z)  p^  '(X,Y,Z) 


(3.42) 


where  (*)  indicates  that  the  complex  conjugate  applies  only  for  the 
difference  frequency.  The  relation  in  Equation  (3.42)  is  easily  deduced 
by  recognizing  that  only  the  real  part  (or  else  only  the  imaginary  part) 
of  a  solution  is  used  to  describe  the  acoustic  field.  Use  of  complex 
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notation  is  only  a  convenience,  and  must  be  abandoned  when  performing 
nonlinear  operations.  That  is,  to  square  the  primary  field  we  must 
square  the  quantity  Re(p^  +  p  )  ,  after  which  we  identify  the  terms 
containing  the  sum  and  difference  frequencies.  Returning  then  to  com¬ 
plex  notation.  Equation  (3.42)  follows  immediately.  In  terms  of  the 
eigenfunctions,  Equation  (3.42)  becomes 


Q+(X,Y,Z)  V  P  P^E  (X,Y,Z;fi  )E^)(X,Y,Z;fi  )  .  (3.43) 

±  mn  pq  mn  1  pq  2 

m,n,p,q  =  0 

Combining  Equations  (3.28)  and  (3.43)  and  assuming  p+(X,Y,0)  =  0  , 
we  obtain  for  the  sum-  and  difference-frequency  pressure  fields,  in 
dimensionless  form. 


P±(X,Y,Z)  =-  £  fijo2  £ 

m,n,p,q 


Z  °° 


mnpq 


fJJ 

0 


A*) 


E mn(X’  ,Y '  , Z '  (X'  ,Y ' , Z '  ;fi2) 


-a^(Z-Z') 

» 

z  - z' 


exp 


|  i^± 


(X  -X')  +  (Y  -  Y 

z  -z' 


-II 


dX'dY'dZ' 


(3.44) 


where 


P 

mnpq 


(*) 

BP  Pv  ' 
mn  pq 

2 

P  c 
o  o 


D  = 


(A)  £ 

o  o 
2c 

o 


P  has  units  of  pressure,  while  D  is  a  dimensionless  quantity 

which  is  a  measure  of  the  beam  diameter  of  the  fundamental  mode  in 

terms  of  wavelengths  associated  with  the  reference  frequency  w  . 

example,  if  we  let  A  =  2ttc  /w  ,  then  D  =  ttc  /A 

ooo  o  o 


For 
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Similar  results  may  be  derived  for  axisymmetric  radiation.  A 


shown  in  Appendix  A,  the  Gauss-Laguerre  eigenfunctions  for 
Equation  (3.32)  are 


-a  'Z 

E  (g,Z;fl)  =  L  j - ^ - 

i  iz/n  n)1  +  (z/Q)2 


T -1z/q  +  i2n  tan  1 


where 


^  =  /x2  +  Y2 

e  ’ 

o 


and  where  the  Laguerre  polynomials  are  defined  by 


t  /  \  x  d  ,  n  -x. 

L  (x)  =  e  — -  (x  e  )  . 

n  ,  n 

dx 


The  primaries  are  thus  given  by 


P0)(C'Z)  =  2  PnEn(?,Z;f2)  , 
n  =  0 


while  for  the  sum-  and  difference-frequency  pressure  fields,  we  have 


>±(£,z)  =  -2n2D2  £ 


P„„  II  En,(5'>Z'=V  (C  ,Z  ’  ;S12) 


m,n  =  0 


-a'+(Z  -Z') 


Z  -  Z’ 


2.r,2> 


dZ'  , 


where 


Pn  =  ^  J  Pa)(C’0)  En(S’°^>  •  (3.48) 

0 

Thus,  for  axisymmetric  fields  we  need  only  perform  half  the  number  of 
summations  and  integrations  which  are  required  for  the  general  case 
described  by  Equation  (3.44). 

Neither  Equation  (3.44)  nor  Equation  (3.47)  can  be  reduced  any 
further  by  means  of  analytical  integration.  According  to  Fenlon  and 
McKendree,*^  however,  the  off-diagonal  terms  in  Equations  (3.44)  and 
(3.47)  may  be  omitted  when  the  primary  beams  have  nearly  identical 
shapes.  This  is  usually  the  case  for  parametric  arrays  because  the 
primaries  are  typically  radiated  from  the  same  aperture  with  the  fre¬ 
quencies  chosen  so  that  co^  -  .  Equation  (3.47)  may  then  be  re¬ 

duced^  to  a  single,  although  more  complicated,  integral  over  Z'  . 

Aside  from  neglecting  off-diagonal  terms,  we  cannot  obtain  a  similar 
reduction  of  Equation  (3.44). 

In  summary,  we  have  modified  Kuznetsov's  nonlinear  paraxial 
wave  equation^  to  account  for  arbitrary  attenuation  and  dispersion. 

This  modified  differential  equation  was  rewritten  in  integral  form  by 
way  of  the  Green’s  function.  Using  the  integral  over  the  boundary 
condition,  which  yields  the  homogeneous  solution  of  the  linearized 
paraxial  wave  equation,  we  generated  a  set  of  eigenfunctions.  These 
eigenfunctions  were  combined  to  describe  the  primary  wave  field  re¬ 


sulting  from  an  arbitrary  source  excitation.  By  squaring  the  solution 
for  the  primary  wave  field  and  then  integrating  over  Q  ,  we  obtained 


CHAPTER  IV 


PARAMETRIC  ARRAYS  FORMED  BY  COLL INEAR 
GAUSSIAN  PRIMARY  BEAMS 

In  this  chapter  is  presented  a  detailed  analysis  of  parametric 
arrays  formed  by  collinear  interaction  of  axisymmetric  Gaussian  primary 
beams.  The  reasons  for  restricting  our  analysis  to  Gaussian  primaries 
are  twofold.  First  is  the  fact  that  exact  analytical  solutions  can  be 
obtained  from  Equation  (3.47)  when  m  =  n  =  0  .  Analytical  solutions 
are  useful  because  they  yield  asymptotic  relations  which  are  easily 
interpreted.  Second,  Fenlon^  and  McKendree^  have  demonstrated  that 
Gaussian  beams,  with  proper  scaling,  yield  solutions  which  are  in 
excellent  agreement  with  results  from  experiments  where  the  arrays 
are  formed  by  radiation  from  uniformly  excited  circular  sources.  In 
Appendix  C  is  introduced  the  scaling  needed  to  make  our  results 
applicable  to  circular  piston  radiators. 

4.1  Solutions  for  Primary  and  Secondary  Components 

We  thus  consider  the  following  boundary  condition  for  the 
primaries : 

_r2 

Pj(£,0)  =  pGje  *=■  ,  (4.1) 

2  2  2 

where  E,  =  e/e^  and  £  =  x  +  y  .  When  Equation  (4.1)  is 

substituted  into  Equation  (3.48),  the  integral  vanishes  except  for 
n  =  0  .  The  series  in  Equation  (3.46)  therefore  reduces  to  the  first 
term.  Combining  Equations  (3.45),  (3.46),  and  (3.48),  we  thus  obtain 
for  the  primary  wave  fields 
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-a'Z 


e  3  \  E~ 

pj(?’z)  =  pGj  i  exp  j  “  i  -  izTTT 


(A.  2) 


The  dimensionless  coefficients  in  Equation  (A. 2)  are  £2,  =  , 

3  3  0 

2 

Z  =  z/z  ,  and  a’.  =  a'. z  ,  where  z  =  a>  £  /2c  is  the  collimation 
o  33°  0000 

distance,  as  defined  in  Section  3.3.  We  now  define  the  reference 
frequency  by 


to  = 

0 


0)1  +  (^2 


where  and  u)  are  the  two  primary  frequencies.  For 

we  have  £2  -  £2^  ~  1  »  and  z0  thus  represents  the  collimation  length 

for  both  primaries. 

We  first  examine  the  limiting  forms  of  Equation  (A. 2).  For  the 
nearfield.  Equation  (A. 2)  reduces  to 


-a'.Z  2 

P.(£,Z)  -  Pr.e  3  e  ^  ,  Z  «  1  ,  (A. 3) 

3  ^3 


which  describes  the  propagation  of  a  plane  wave  that  is  subject  to 
attenuation  but  always  maintains  the  same  transverse  amplitude 
distribution.  Note  that  the  nearfield  of  a  Gaussian  beam,  is  much 
simpler  than  that  resulting  from  a  circular  piston.  Treating  the 
nearfield  of  a  Gaussian  beam  as  a  plane  wave  region  therefore  has 
real  physical  meaning. 

For  the  farfield,  Equation  (A. 2)  reduces  to 

p.(C,Z)  ~  i£2.pG.  —  £  exp  }-(4~)  -  i  .  Z  »  1  •  (A. A) 
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There  are  three  factors  in  Equation  (4.4)  which  together  define  a 


spherically  spreading  wave  field.  First,  the  amplitude  of  p.  suffers 


spherical  spreading  losses  by  virtue  of  its  1/Z  dependence.  In 


addition,  the  term  (f^/Z)  gives  rise  to  the  directivity  function. 


Within  the  paraxial  field,  we  can  let  £  =  DZ0  ,  where  D  =  to  e  /2c 

o  o  o 


so  that  we  have  for  the  directivity  function  of  the  primaries 


T>.(Q)  =  exp  j-  ft2D202^ 


(4.5) 


Finally,  the  spherical  curvature  of  the  wavefronts  is  manifested 


through  the  phase  factor,  -ifl  /Z 


By  way  of  Figure  8,  the  phase 
delay  can  be  calculated  which  is  required  at  point  Q  relative  to 
that  at  point  P  ,  for  a  wave  propagating  in  the  z  direction,  to 
establish  a  spherical  wavefront.  First  we  write 


2  ,  »2 .  2 
z  =  (z  -  d)  +  e 


which  may  be  rearranged  to  yield 


d  = 


c2  + 


2z 


If  only  the  paraxial  field  of  quasi-plane  waves  (e.g. ,  highly 
collimated  beams)  is  considered,  then  d  <<  e  ,  so  that 


in  the  Fresnel  approximation. 


d  * 

30 


2 

£ 

2z 


The  necessary  phase  delay  at 


Q 


relative  to  P  is  thus,  for  a  wave  having  frequency  to  and 
traveling  in  the  z  direction, 


which  may  be  written  in  dimensionless  form  as  u_.  E,  /Z  . 

To  calculate  the  sum-  and  difference-frequency  fields,  we 
combine  Equations  (3.47)  and  (4.2)  to  obtain 
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2  2  _a±Z 
p±(£,Z)  =  -2ft+D  PQe 


/expj- 


dZ' 


-  Z')g(Z') 


where 


OO 


if)+ 

f(z)  =  2  *  z  ’ 


i  2 

g(Z)  =  1  *  Z  +  Z 


and 


P  = 
o 


3pGlPC,2 

2 

P  c 
o  o 


Both  attenuation  and  dispersion  are  combined  in  the  factor 


a;  =  a  -  12^,0  , 

+  +  ''  “ 


(4.7) 


where 


k,  ±  k„ 


6^  =  1 


In  Equation  (4.7),  CQ/C+  ^as  been  replaced  by  unity  on  the  basis 

that  the  dispersion  is  small.  This  approximation  can,  of  course,  be 

made  exact  by  choosing  either  c  =  c ,  or  c  =  c  ,  which  for 

o  +  o  - 

convenience  we  will  do  when  discussing  either  the  sum  or  the 
difference  frequency,  respectively.  Effects  of  dispersion  are  of 
course  still  accounted  for  by  6+  . 

The  integral  over  in  Equation  (4.6)  can  be  evaluated,  and 

yields  the  following  expression: 


P+(C,Z) 


where 


Z  2 

7  2  ~alZ  f  (i2ft+ ±ft+Z’/ft,ft9  .  i 

=  W  -  J  ?  -aT±Zj 


dZ' 


Az(Z'-Z±)  ’ 

(4. 


ft+  ift+ 
Az  =  2  "  ft1ft2  *  ft1ft2 


and 


2Z  +  ift, 


Z,  = 


ft" 


2  T 


ft1ft2 


ift± 

P"in2 


After  letting  Z'  =  Z+(l  -  X)  ,  we  can  rewrite  Equation  (4.8)  as 


P+(£*Z)  =  ^+D  PqAz  e  exp{- 


( "\T±  *  2Z  +  inJZ±j 


1  -  Z/7. 


f 

1 

w±z±(4*nj/n  n  )c2  , 

1 

expj 

aT  Z±X  2  Y 

±  (2z  +  m+)  x 

dX 

X 


(4.9) 


The  sum-  and  dif ference-frequency  cases  will  now  be  considered 
separately.  First  note  that 


^  =  1  +  Q_/2  ,  0=1-  Q.J 2 


where  S2_  =  •  Since  0  <<  1  ,  then  -  1  so  that  for  the 

difference  frequency,  where  A  -  2  -  ift_Z  ,  Equation  (4.9)  reduces  to 


-a'Z 


PJ(,Z)  -  SlV Po  JrTSJ  e*p.-(.'_  4-  ^g-)  z_ 


2  2 

f!T 


1  -  z/z 


/ 


expjaj  7._x  - 


in  Z  (4  +o2)?2 


(2Z  +  ifi  ) 


2  X 


W 
)  X  ’ 


(4.10) 


iere 


2Z  +  in 


Equation  (4.10)  becomes  formally  equivalent  to  the  integral  obtained 

9 

by  Novikov  if  a^,  is  replaced  by  its  complex  conjugate,  i.e. ,  if 

the  sign  of  6  is  reversed.  Discussion  of  the  apparent  error  in 

2 

Novikov's  result  is  postponed  until  Section  4.2.  The  quantity 

which  appears  in  the  integral  in  Equation  (4.10)  gives  rise  to  the 

aperture  factor.  In  their  analysis  of  parametric  arrays  operating  in 

dispersionless  fluids,  Fenlon  and  McKendree^  omitted  this  factor  of 
2 

,  and  therefore  obtained  no  aperture  factor.  On  the  other  hand, 
we  find  in  Section  4.3  that  the  aperture  factor  for  the  difference 
frequency  is  typically  close  to  unity  throughout  the  paraxial  field. 

By  way  of  the  generating  function  for  modified  Bessel  functions 

A  n 

<8  "53  c  In<!t>  '  (4'U 

n=-°° 


we  can  express  Equation  (4.10)  in  terms  of  complex  exponential 
integrals : 


-a'Z 


P_(C,z)  =  I22d2po  exp<-,a~  + 


j-(sT_ +  izrir)  z-j 


“  j  i2^_Z_(4  +Qf)?2 J  I  j  r  (  ifl_(4+R‘)^l  \ 

n=-oo  n|  (2Z  +  ift_)2  J  1_n|  [  T-  (2Z  +  ifi_)2  J  '( 


2.  ^2 


-('-f)nb4K 


ifi  (4  +fi2)?2 


(2z  +  m  )‘ 


(Z  -  z), 


II 


(4.12) 


H 


More  will  be  said  in  Section  4.4  regarding  the  use  of  Equation  (4.15) 
to  obtain  Equation  (4.16). 

As  -*  0)2  ,  the  approximate  relation  in  Equation  (4.15) 
becomes  exact.  Indeed,  Equation  (4.16)  is  easily  modified  for 
application  to  the  second-harmonic  fields.  Squaring  the  field  given 
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by  Re(p^)  and  then  returning  to  complex  notation,  we  find  that  the 
source  term  for  the  second-harmonic  field  is  given,  to  a  first 
approximation,  by 

q2cj.(C,z)  =  i  Pj(5,z)  . 

A  factor  of  1/2  must  therefore  be  introduced  in  Equation  (4.16). 

Equation  (4.16)  thus  becomes  an  exact  analytical  solution  of  the 

inhomogeneous  paraxial  wave  equation  for  the  second  harmonics  if 

P  =  8p~./2p  c2  ,  a,  =  a_  ,  and  6  =  1  -  2k  /k„  .  The  result 

o  Gi  Ko  o  ’  +  2u).  +  to.  2(0. 

1  J  J 

for  the  second-harmonic  field  is,  of  course,  valid  even  if  the  source 
emits  only  a  single  frequency. 

As  we  noted  above,  Gaussian  beams  can  be  used  to  model  the 
paraxial  field  of  uniformly  excited  circular  projectors.  In 
Appendix  C,  the  appropriate  transformation  is  made  which  permits 
application  of  not  only  the  field  equations  derived  in  this  section, 
but  also  the  asymptotic  relations  considered  in  Sections  4.2  and  4.3, 
to  arrays  formed  by  primary  beams  exhibiting  "Bessel"  directivity 
patterns.  Note,  however,  that  the  distinctive  diffraction  effects 
within  the  nearfield  of  a  circular  piston  projector,  that  is,  the 
peaks  and  nulls,  are  not  modeled  by  Gaussian  beams.  However,  in 
Appendix  C  we  demonstrate  the  utility  of  the  transformed  equations 
by  showing  the  excellent  agreement  with  data  obtained  from  para¬ 
metric  arrays  formed  by  Bessel  beams  in  water,  where  the  dispersion 


is  negligible. 


4.2 


Along  the  z  axis  £  =  0  ,  and  Equation  (4.12)  reduces  to 


a_2  -a'Z 

p_(0,Z)  =  ftVpo  -  e  T  "[E1(-ar^Z_}  -  (-a^(Z_-Z)  }  ] 


-a  Z 

=  Q2D2P  ,f  —  -  expj-(6ft^D2+ifi_aT/2) 


o  2-ifl  Z 


/  l-i2Z/£2  \  ) 
\l-ift_Z/2 


(  22  12Z/ft  v  | 

+‘a.v2)  (1^172)1 


/1+Z2+1B_Zn  1-1 

Elj-(5n_D  +ia_aT/2)  (T_ia_z/2)jJ 


(4.17) 


The  subscript  on  a^  ,  a,J,  ,  and  6  has  been  omitted  in  this  and 

the  next  section  for  simplicity.  It  is  understood  that  for  the 
difference  frequency, 


aT  =  aT  "  i2(5fi_D 


where 


and 


aT 


+  a. 


a 


5  = 


1 


k 
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We  also  let 


c  =  c 
o 


so  that  a'  =  a  .  When  there  is  no  dispersion  (i.e.,  6=0), 

Equation  (4.17)  reduces  to  a  form  obtained  previously  by  others. 

2 

Within  the  nearfield  of  the  primaries  where  Z  «  1  ,  Equation  (4.17) 
assumes  the  asymptotic  form 


p_(0, Z) -  | ^D2PQe  exp{-(SQ2D2+ia_aT/2) (l-i2Z/Q_) } 


2„2 . 


•  [E1(-(6fi2D2+if2_aT/2)(l-i2Z/n_)  }-E1{-(6fifD‘i+ifi_aT/2)}]  ,  ZZ«  1  , 

(4.18) 

which  in  the  absence  of  dispersion  reduces  to  the  nearfield  result  of 
Novikov,  Rudenko,  and  Soluyan. 

Novikov**  was  the  first  to  investigate  the  effect  of  dispersion 

on  the  parametric  array.  He  obtained  a  nearfield  result  for  mono- 

relaxing  fluids  which  is  similar  to  Equation  (4.18),  where  a_  and  k 

are  given  by  Equations  (3.14),  and  where  for  small  dispersion,  6  =  m/2  . 

There  are,  however,  a  number  of  inconsistencies  in  Novikov's  derivation, 

2 

Of  minor  significance  is  the  fact  that  he  should  have  me  instead  of 

o 

2 

mc^  in  his  equation  of  state,  which  is  an  error  that  propagates 
through  subsequent  equations.  It  is  more  important  that,  in  going  from 
his  wave  equation  to  the  integral  solution,  he  changes  the  sign 
associated  with  the  dispersivity ,  m  .  Finally,  to  write  the  axial 
solution  as  he  does  requires  an  unconventional  definition  of  the 
exponential  integral. 


2„  2 ,  , 


6 


Not  only  is  the  sign  of  m  wrong  in  Novikov's  first  analysis, 

9 

but  in  a  subsequent  analysis  which  led  to  a  result  like  Equation  (4.10), 
he  again  has  an  error  in  the  sign  of  his  dispersion  coefficient. 
Examination  of  Equations  (4.17)  and  (4.18)  reveals  that  the  axial 
amplitude  of  the  difference-frequency  wave  is  indeed  sensitive  to 
whether  6  is  positive  or  negative.  Although  energy  considerations 
indicate  that  ,  there  can  be  wiggles  in  the  dispersion  curve 

that  make  6  <  0  for  a  particular  choice  of  frequencies.  Indeed,  the 
dispersion  characteristics  of  bubbly  water  allow  for  anomalous 
dispersion  (6  <  0)  . 

Placing  additional  restrictions  on  Equation  (4.18)  yields  an 
interesting  result.  Assuming  jil_a,j1/2|  »  1  in  Equation  (4.18)  and 
using  Equation  (4.14),  we  obtain 


p  (0, Z) ~  i 


-  2 
rr  UP  _ 


!( _ L 

\l-i2Z 


2 

Z  «  1 


ln_aj/2|»l  . 


(4.19) 


As  discussed  in  Section  4.3,  the  condition  a.^/2  j  >>  1  gives  rise  to 
an  absorption-limited  array,  where  nonlinear  interaction  is  restricted 
to  the  nearfield  of  the  primaries.  Now,  since  ?.  is  the  collimation 
distance  of  the  primaries,  SI  z^  is  then  the  collimation  distance  of 
a  difference-frequency  signal  radiated  by  the  source  of  the  primaries. 
Therefore,  when  7.  <•  Q  /2  ,  even  the  difference-frequency  signal 
behaves  as  a  plane  wave,  and  Equation  (4.19)  reduces  to 


P  (0,Z) 


D2P  e 
o 


-(a_+a^/2)Z 


sin(  ia^,Z/2) 


Z«fi  / 2 


|Q_a^/2|  »  1 
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(4.20) 


Equation  (4.20)  is  identical  to  Equation  (2.18),  and  we  have  thus 
recovered  the  result  for  plane-wave  interaction.  What  makes 
Equation  (4.20)  particularly  interesting  is  that  the  amplitude  of  p 
does  not  depend  on  the  sign  of  6  ,  in  contrast  to  the  behavior  of 
Equations  (4.17)  and  (4.18).  As  shown  in  Appendix  D,  the  difference- 
frequency  field  resulting  from  spherical  primary  waves  which  are 
radiated  by  a  spherical  source  of  radius  a  is  given  by 


P_(r)  = 


ik_a  3p01Pq2  e 


o  2 
2p  c 
o  o 


- -  CE1^i(X1-X2-X_)r}-E1{i(xi-X2-X_)a>] 


(4.21 


rfhere  p  and  p  are  the  amplitudes  of  the  primaries  at  r  =  a  . 

4  6 

Because  of  the  fact  that 


Ex(z*)  =  [E^z)] 


the  amplitude  of  p  in  Equation  (4.21)  is  also  insensitive  to  the 
sign  of  6  .  We  thus  conclude  that  diffraction  is  responsible  for  the 

dependence  of  the  difference-frequency  field  on  the  sign  of  6  . 

47  48  49 

It  has  been  shown  both  analytically  ’  ^nd  experimentally 
that  diffraction  induces  asymmetries  in  finite-amplitude  waves  which 
are  initially  sinusoidal.  That  is,  diffraction  causes  sharpening  of 
the  peaks  and  rounding  of  the  troughs  in  the  pressure  waveform.  The 
asymmetrical  distortion  occurs  because  diffraction  affects  each  of 
the  harmonic  components  differently.  Specifically,  diffraction  alters 
the  phase  relations  which  lead  to  symmetrical  sawtooth  formation  in 
one-dimensional  wave  propagation.  Similarly,  diffraction  induces  a 


slight  phase  mismatch  between  the  primaries  and  the  difference- 
frequency  signal. 

The  phase  mismatch  caused  by  diffraction  may  be  discussed  more 
quantitatively  if  Equation  (4.2)  is  rewritten  as 


-a  !Z  +  i(J> . 

V5,2’ '  \  exp 

J 


l  +  (z /:•).)' 

J 


(4.22) 


where 


4>.(C»Z)  =  arctan(— )  ~ 

J  .  j 


i+(z  tv.. y 

3 


(4.23) 


Transformation  of  Equation  (4.22)  into  the  time  domain  requires 

iaj.t' 

multiplication  by  e  J  ,  which  gives  rise  to  the  factor 


-a'.z  +  i<J).  iw.t’  -a.z  i(w.t  -  k'z) 


Je  J 


e  J  e  J 


(4.24) 


where 


k!  =  k.  -  cj>./z 
3  3  3 


The  modified  wave  number  k!  accounts  for  contributions  to  the  phase 

3 

of  the  wave,  at  any  time,  which  result  from  both  the  sound  speed  c^ 
and  the  effect  of  diffraction.  Since  tin.  latter  affects  the 
phase  speed  and  is  dependent  on  frequency,  we  shall  refer  to  it  as 
diffraction-induced  dispersion.  A  modified  dispersion  coefficient  may 
therefore  be  defined  as 


6'  =  1  - 


k '  -  k' 
1  2 


=  ,  + 


(4.25) 


79 


where 


A<1>  =  ^  -  <f>2  •  (A. 26) 

The  total  phase  mismatch  between  the  primaries  and  the  difference- 
frequency  signal  is  taken  into  account  by  6'  .  Inherent  dispersion 
is  represented  by  6  ,  and  diffraction- induced  dispersion  is  repre¬ 
sented  by  Acfi/k  2  .  In  the  absence  of  inherent  dispersion  (6  =  0)  , 
the  modified  dispersion  coefficient  reduces  to  6'  =  A(f>/k  z  .  Positive 
values  of  A(f>  therefore  create  an  effect  which  resembles  that  due  to 
normal  inherent  dispersion,  whereas  the  effect  of  negative  values  of 
A<f>  resembles  that  of  anomalous  dispersion. 

As  illustrated  in  Figure  9,  A<j>  is  negative  throughout  the 
paraxial  region,  where  nonlinear  interaction  occurs,  and  it  is  zero 
at  Z  =  0  and  Z  =  °°  .  Along  the  z  axis,  A<J>  has  its  minimum 
value  at  Z  =  ~  1  •  That  A<}>  is  negative  in  the  nonlinear 

interaction  region  suggests  that  normal  inherent  dispersion  (i.e.  , 

6  >  0  )  is  necessary  for  compensation  of  the  diffraction- induced 
dispersion. 

Suppose,  now,  that  Equation  (4.24)  is  used  to  calculate  the 
phase  speed  in  the  z  direction.  The  complex  exponential  in 
Equation  (4.24)  may  be  written  as 

i[w  t  -  f(z)] 

where 

f(z)  =  k.z  -  <j>.  .  (4.27) 

3  3 
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Figure  9.  Diffraction-Induced  Dispersion 
for  fi_  =  0.1.  Black  and  White 
Represent  >  0  and  At})  <  0, 
Respectively. 
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For  a  point  of  constant  phase  traveling  with  the  wave,  we  have 


ojj  t  -  f(z)  =  constant. 


(4.28) 


The  phase  speed  of  that  point,  v  =  dz/dt  ,  is  found  by  differentiating 
Equation  (4.28)  with  respect  to  time: 


v . 
J 


(4.29) 


Therefore,  the  phase  speed  in  the  z  direction  of  a  wave  of  frequency 
0)j  is,  from  Equations  (4.23),  (4.27),  and  (4.29), 


v  <5,Z)  -  c  ji 
J  J  '  2D lQ.  + 


j 


si  + 

z2  (D2 


_2zV__] 

2  +  z2)2Jl 


(4.30) 


In  the  absence  of  inherent  dispersion  (6  =  0)  and  along  the  z  axis 
(5=0)  ,  Equation  (4.30)  reduces  to 


v  (0,Z)  =  c  1 
J  °  I 


n,  +  z" 


-l 


(4.31) 


It  is  easily  seen  from  Equation  (4.31)  that  if  f)  >  ft  ,  then 
v^(0,Z)  <  v2(0,Z)  ,  which  corresponds  to  the  same  situation  that 
results  from  anomalous  inherent  dispersion.  Again,  it  follows  that 
only  normal  inherent  dispersion  (5  >  0)  can  compensate  for 
diffraction-induced  dispersion. 

In  the  far  field  of  the  parametric  array,  Equation  (4.17) 
reduces  to 
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-a_Z 

p_(0,Z)  -  if2_D2PQ  ~ —  exp{-46D2-i2aT/fi_}E1{-46D2-i2aT/fi_}  ,  Z  <»  . 

(4.32) 

Note  that  the  only  effect  of  dispersion  in  the  farfield  is  additional 
attenuation.  For  |2a^,/ft  |  >>  1  ,  Equation  (4.32)  reduces  further  to 

q2d2p  "a-z 

p_ (0,Z) - - - 5 - ,  z  +  oo  ,  |2al/fi  I  »  1.  (4.33) 

2aT  -  i46Q_D 

Presented  in  Figures  lOa-lOc  are  axial  difference-frequency 

field  curves  which  were  calculated  with  Equation  (4.17).  We  assumed  a 

source  diameter  of  D  *  30  and  a  frequency-downshif t  ratio  of 

=  10  ,  with  a^  =  0.01,  0.1,  1.0  and  6  ranging  from  0  to  0.01  . 

Although  a  mutual  physical  dependence  exists  between  dissipation  and 

dispersion,  the  parameters  a^  and  6  are  treated  here  as  though 

they  are  independent  for  the  purpose  of  illustrating  phenomenologically 

the  effect  of  varying  either  one  separately.  Since  fluids  typically 

exhibit  normal  dispersion  for  which  6  >  0  ,  attention  is  focused 

primarily  on  positive  values  of  <5  .  The  pressure  is  referred  to 
-a_Z 

PQe  so  that  exponential  attenuation  is  factored  out.  This  is 

done  to  emphasize  the  farfield  of  the  parametric  array  where  the 
difference-frequency  component  experiences  spherical  spreading. 

Referring  to  Figure  10,  we  see  that  dispersion  causes  spatial 
oscillations  that  occur  with  greater  spatial  frequency  as  |6| 
increases.  As  discussed  in  Section  2.2,  the  oscillations  result  from 
virtual  sources  radiating  out  of  phase  with  the  waves  arriving  from 
other  virtual  sources.  The  phase  mismatch  increases  with  1 15' |  ,  and 
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thus  the  periods  of  spatial  oscillation  decrease.  Reduced  peak 

amplitudes  within  the  oscillations  accompany  the  shorter  periods, 

and,  as  a  result,  less  energy  is  transferred  to  the  difference-frequency 

signal.  The  conversion  efficiency  of  the  parametric  interaction  is 
thus  severely  diminished,  as  evidenced  by  the  amplitudes  in  the 
farfield  of  the  array. 

Given  the  rapid  amplitude  variations  in  the  difference-frequency 
field  which  are  caused  by  dispersion,  the  question  arises  as  to  what 
extent  the  paraxial  wave  equation  remains  valid.  Equations  (3.10)  and 
(3.15)  are  based  on  the  assumption  that  the  amplitude  of  p^  varies 
sufficiently  slowly  with  z  that  |3^p^/9z^|  <<  2k|3p^/3z|  .  To 
evaluate  this  inequality  for  the  difference-frequency  component,  we 
assume  for  simplicity  that  p_  =  A  sin (6k  z/2)  ,  as  given  by 
Equation  (4.20)  when  there  is  no  attenuation.  Calculation  of  the 
derivatives  yields  |3^p_/9z^|  =  J A6^k^ / 4 1  and  2k  |3p_/3z|  =  |A6k^|  , 
from  which  it  can  be  deduced  that  Equations  (3.10)  and  (3.15)  are 
valid  when 

| 6 |  «  4  .  (4.34) 

In  practice,  the  condition  in  Equation  (4.34)  is  likely  to  be  violated 
only  in  inhomogeneous  media  such  as  bubbly  water. 

The  mechanism  that  competes  with  dispersion  is,  of  course, 
absorption  of  the  primaries,  and  the  relative  significance  of  the 

2  i 

latter  is  measured  by  comparing  a^  with  |26fi  D  j  .  In  Figure  11 
(where  2 6fi  D  =  0.54  ),  it  is  seen  that  when  ap  <  |26fl  D  |  ,  the 
spatial  oscillations  are  damped  as  a^  increases,  but  the  farfield 
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z 


Figure  11.  Effect’  *f  Dissipation  on  the  Axial 
Dlf  fer ice-Frequency  Field 
(4_  •  0.003  ,  =  0.1  ,  D  -  30  , 

2«  n  B2  -  0.54). 


87 


AS-83-710 


level  is  relatively  unaffected.  When  a^  =  |26ft_D  |  ,  the  oscillations 
are  entirely  suppressed,  whereas  for  higher  attenuation  of  the 


primaries  where  a^  is  larger,  the  farfield  amplitude  of  the 


difference-frequency  signal  is  decreased.  For  sufficiently  high 


dissipation  (a^  >>  |2Sfi_Dz|)  ,  the  farfield  amplitude  is  proportional 


to  l/aT  •  Conversely,  when  |6|  <  aT/2ft_D  ,  variations  in  | 6 |  have 
virtually  no  effect  on  the  nonlinear  interaction.  In  short,  from 


Figures  10  and  11,  we  find  that  dispersion  becomes  an  important  factor 


only  when  6|  >  a^,/2^  u  ,  or  equivalently  when 


aT 

i‘i  >r 


(4.35) 


The  effect  of  changing  the  f requency-downshif t  ratio  is 
illustrated  in  Figure  12.  It  is  well  known  that  increasing  the 
difference  frequency  improves  the  efficiency  of  parametric  inter¬ 
actions.  For  example,  the  farfield  difference-frequency  pressure 

2 

amplitude  for  an  absorption-limited  array  varies  as  ,  and  tends 

toward  for  a  diffraction-limited  array.  When  there  is  dispersion, 

however,  increasing  while  6  is  constant  shortens  the  periods  of 

spatial  oscillation  and  thus  diminishes  gains  which  would  be  expected 

in  the  absence  of  dispersion.  As  we  see  by  comparing  Figure  12a  with 

Figure  12b,  the  increase  of  the  farfield  amplitude  with  Q  becomes 

less  as  | <5 1  is  increased.  In  fact,  when  dispersion  is  large  compared 

2 

to  both  dissipation  ( | 6 |  >>  a^/k  )  and  diffraction  ( | 6 |  »  1/4D  )  , 


the  axial  farfield  is  given  by 


•10°  * 


Figure  12 


•101  *  '  •102  * 

z 

(b)  n  =  0.2 


.  Effect  of  the  Frequency-Downshi f t 
Ratio  on  the  Axial  Difference- 
Frequency  Field  (a^  =0.1  ,  D  =  30). 
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Q  P  _a_^ 

p_(0,Z),-i~£  ±—  ,  Z  +  »  ,  |6|»ax/k_  ,  1/4D2  . 

(4.36) 

An  array  behaving  in  this  fashion  may  be  called  a  dispersion-limited 
array. 

In  Figure  13  we  see  how  changing  the  sign  of  6  affects  the 
axial  field.  Numerical  examination  of  Equation  (4.17)  reveals  that, 
for  the  same  value  of  |6|  ,  the  farfield  amplitude  is  always  greater 
when  5  >  0  than  when  6  <  0  .  The  difference  approaches  zero, 
however,  as  either  |6|  or  a^  becomes  large.  In  the  nearfield 
(the  interaction  region) ,  the  differences  are  greater  than  in  the 
farfield.  Close  to  the  source,  the  amplitude  of  the  difference- 
frequency  wave  increases  slightly  with  6  .  That  is,  amplification 
of  the  difference-frequency  signal  is  initially  more  efficient  when 
6  >  0  than  when  6  _<  0  .  In  fact,  when  6  is  small  and  positive, 
the  farfield  amplitude  may  be  greater  than  that  for  6=0.  When 
dispersion  is  large  enough  that  oscillations  are  induced  in  the  field, 
the  spatial  beating  in  two  fields  whose  parameters  differ  only  in  the 
sign  of  6  tends  to  be  180°  out  of  phase.  It  is  near  the  onset  of 
the  oscillations  that  differences  on  axis  arising  from  positive  and 
negative  6  are  most  significant. 

The  reason  certain  nonzero  values  of  6  give  rise  to  farfield 
pressures  that  exceed  those  occurring  when  6=0  is  that  dispersion 
can  offset  the  slight  phase  mismatch  caused  by  diffraction. 
Compensation  for  this  phase  mismatch,  referred  to  as  diffraction- 
induced  dispersion,  was  discussed  earlier  in  this  section.  Presented 
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Figure  13.  Effect  of  Anomalous  (6  <  0)  Versus 
Normal  (6  >  0)  Dispersion  on  the 
Axial  Difference-Frequency  Field 
(a  =  0.1  ,  Q_  =  0.1  ,  D  =  30). 
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in  Figure  14a  is  a  family  of  curves,  for  different  values  of  a^/ft  , 

2 

which  shows  how  dispersion,  through  the  term  6d  ,  can  improve  the 

far  field  axial  amplitude.  As  <S  increases  from  zero,  the  amplitude 

passes  through  a  maximum,  after  which  any  additional  dispersion 

over compensates  for  the  diffraction-induced  phase  mismatch.  We  note 

again  that  only  normal  dispersion  (<5  >  0)  can  compensate  for 

7  9 

diffraction  effects.  Others  have  asserted  *  that  anomalous  dispersion 

9 

is  required.  In  the  case  of  Novikov's  result,  the  apparent  error 

arises  from  a  mistake  in  the  sign  of  the  dispersion  parameter. 

However,  the  conclusion^  reached  by  Karamzin,  Sukhorukov,  and 

Sukhorukova  results  from  a  numerical  analysis,  and  therefore  the 

discrepancy  is  not  as  easily  understood.  In  Figure  14b,  it  is  seen 

to  what  extent  the  phase  mismatch  caused  by  diffraction  affects  the 

farfield  amplitude.  For  a  given  dissipation  (i.e.,  value  of  aT/ft_)  , 

2 

the  value  of  6d  which  maximizes  the  farfield  amplitude  can  be  found. 
The  improvement  is  never  more  than  about  0.5  dB. 

4.3  Difference-Frequency  Farfield 

In  the  paraxial  farfield  of  the  parametric  array,  e  can  be 
replaced  by  z0  (i.e.,  £  =  DZ8  ),  whereby  Equation  (4.10)  assumes 

the  asymptotic  form 

-a_Z 

p  (0 ,Z)  ~  ift  D2P  ^ —  exp{-46D2  -  i2a_/fi  -  (2  +  fi2)D202  -  ifi  D2Z02} 

ioo 

/exp  {(46D2  +  i2a  /fi_)X  +  (2  +  fi2/2)D202 

X  X 

1 
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(b)  Optimal  Values  of  6_D^  as  a  Function  of 
aT_/f2_  (solid  1  i ne ) 7  and  Resulting  Gain 
(Dashed  Line). 

Figure  14.  Gain  Achieved  in  Axial  Difference-Frequency 

Farfield  by  Using  Disperse m  to  Compensate  for 
Phase  Mismatch  Caused  by  Diffraction. 

93 


AS-83-71 3 


Either  by  performing  the  same  limiting  procedure  on  Equation  (4.12) 
or  else  using  Equations  (4.11)  and  (4.13)  to  expand  Equation  (4.37), 
we  obtain 


-a_Z 

p  (0 ,Z)  ~  iQ  D2P  —  exp{-il2D202/2  -  ifi  D2Z02} 

~~  O  /j  — 

oo 

•  exp{- (4  +  O2)D202}ln{(4  +  fi2)D202} 

n=_oo 

•  exp  {2D2 [ (1  +  ft2/4)02  -  26]  -  i2aT/ft_} 

•  E1_n{2D2[(l  +  Q2/4)02  -  26]  -  i2aT/S)_}  ,  Z  -►  «>  . 

(4.38) 

For  an  absorption-limited  array,  where  2a »  1  ,  Equations  (4.37) 
and  (4.38)  reduce  to 

fi2D2P  ~a-Z  -ifi  D2Z02 

P_(0»z)  ~ - Da(0)e  ~  .  Z  00  ,  2aT/fi_  »  1  , 

(4.39) 

where 

exp{-ft2D202/2} 

D  (0) - f ~ -  ,  (4.40) 

1  +  i(ftjr/aT)(0Z  -  26) 

2 

and  where,  as  usual,  it  has  been  assumed  that  fi  <<  1  .  Equation  (4.39) 
can  be  obtained  from  Equation  (4.38)  by  assuming  that  2a^,/fi  >>  |n|  as 

)  n  |  ■+  so  that  Equation  (4.14)  can  be  used  for  all  values  of  n  ,  after 


which  the  identity 


E  V*'  ■  ^ 


is  employed,  which  is  obtained  by  setting  t  =  1  in  Equation  (4.11). 

However,  numerical  evaluation  reveals  that  Equations  (4.37)  and  (4.38) 

converge  quite  rapidl;  to  Equation  (4.39)  as  2a becomes  large 

compared  to  unity.  In  Appendix  G,  a  different  limiting  procedure  is 

9 

used  which  also  leads  to  Equation  (4.39).  Although  Novikov  obtained 
results  which  are  similar  to  both  Equations  (4.37)  and  (4.39),  the  sign 
of  his  dispersion  parameter  is  consistently  wrong.  In  fact,  the 
mistake  is  introduced  in  his  governing  inhomogeneous  paraxial  wave 
equation. 

Note  that  Equation  (4.39)  is  identical  to  Equation  (2.33), 
rtiich  was  derived  under  the  assumption  that  the  primaries  do  not 
experience  diffraction.  Such  a  result  is  to  be  expected  because  in 
an  absorption-limited  array,  dissipation  restricts  nonlinear  inter¬ 
action  to  the  nearfield  of  the  primaries.  Conditions  are  thus  created 
which  approximate  collimated  plane-wave  interaction.  The  normalized 
aperture  factor  A(0)  in  Equation  (4.40)  is 


-ft2D292/2 


A(0)  =  e 


(4.41) 


which  is  a  manifestitation  of  Gaussian  primary  beams.  Equation  (4.41) 


is  the  directivity  function  of  a  difference-frequency  signal  radiated 

by  a  source  having  an  excitation  formed  by  the  product  of  two  Gaussian 

-2F2 

primary  excitations,  i.e.,  o  ’  .  On  the  basis  of  Figure  8,  the  factor 

factor 
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-ifl_D2Z02 

e 


(A. 42) 


in  Equation  (4.39)  can  be  identified  as  the  phase  factor  which  accounts 
for  the  spherical  shape  of  the  difference-frequency  wave.  Finally, 
since  in  the  paraxial  region  0/2  may  be  replaced  by  sin(0/2)  , 
we  have 


_ 1 _  „  _ 1 _ nW 

1  +  i(fi_DZ/aT)(0^  -  26)  1  +  i(4fi_DVaT)[sin  (0/2)  -  6/2] 

(4.43) 

W 

where  D^(0)  is  the  modified  Westervei1-  directivity  function  which  is 
defined  in  Equation  (2.31).  The  similarity  between  our  absorption- 
limited  array  and  collimated  plane-wave  interaction,  which  gives  rise 
to  Equation  (2.33),  is  thus  complete. 

In  general,  the  normalized  aperture  factor  for  a  difference- 
frequency  signal  is  cloi,e  to  unity  throughout  the  paraxial  field. 

For  example,  if  ft  =0.1  and  D  =  30  ,  then  Equation  (4.41)  accounts 
for  attenuation  of  less  than  3  dB  at  0  =  15°  .  On  the  other  hand, 
when  theie  is  no  dispersion,  we  find  from  Equation  (4.43)  that  the 
half-power  point  is  located  at 


which  is  6°  for  a  =  1.0,  ft  =0.1,  and  D  =  30.  Half-power 
angles  derived  from  Equation  (4.43)  when  6^0  are  given  in 
Equation  (2.37).  As  attenuation  of  the  primaries  increases,  the 
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directivity  function  of  the  difference-frequency  signal  thus  approaches 

W 

D^(8)  ,  from  which  the  direction  of  maximum  radiation  is  found  to  be 

6  =  /26  (4.44) 

o 

or,  equivalently. 


0  = 
o 


) 


as  given  in  Equation  (2.36).  When  6  <  0  ,  Equation  (4.44)  is  replaced 

W 

by  0  =  0  .  The  detailed  discussion  of  D»(0)  in  Section  2.3 

o  o 

therefore  applies  to  the  limiting  case  of  an  absorption-limited  array 
formed  by  Gaussian  primary  beams. 

In  contrast  to  an  absorption-limited  array,  a  diffraction- 
limited  array  is  one  in  which  dissipation  is  low  and  the  nonlinear 
interaction  region  Is  terminated  because  of  spreading  losses  suffered 
by  the  primaries.  Such  a  situation  arises  when  a^,  -►  0  ,  and  as  shown 
in  Appendix  E,  the  farfield  of  a  diffraction-limited  array  is  given  by 


-a  Z 

p  (0 ,Z)  -  ifl  D2P  ^-= —  exp{-46D2  -  i2a _/fi  }E.{-46D2  -  i2a _/fl  } 

—  “  0  4#  1  —  X  1  “ 


2  2 

-in  D  Z0 


•  Dd(8)e 


z  ->■  OO 


|2a^/n_|  «  1  , 


(4.45) 


where 


2  2  2? 
-(n  +  fi)D0 

Dd(0)  =  e 


(4.46) 
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Here  we  find  that  the  directivity  function,  D^(G)  ,  is  simply  the 

product  of  the  primary-beam  directivity  functions  [see  Equation  (4.5)]. 

The  directivity  functions  given  in  Equations  (4.40)  and  (4.46) 

are  consistent  with  the  results  obtained  first  by  Blue“^  and 

14 

subsequently  generalized  by  Berktay  and  Leahy.  By  clever 
manipulation  of  the  field  integral,  it  was  shown  that  if  nonlinear 
interaction  is  assumed  to  take  place  in  the  farfield  of  the  primaries, 
then  the  directivity  function  of  the  difference-frequency  signal  is 
given  essentially  by  the  convolution 


[D1(0)D2(6)]  *  Dg(6) 


(4.47) 


where  (0)  is  given  in  Equation  (4.5).  When  the  primaries  are 

highly  collimated,  D^(0)D2(0)  approaches  a  delta  function,  and 

W 

Equation  (4.47)  yields  0^(0)  .  The  lack  of  an  aperture  factor  is  a 

consequence  of  neglecting  interaction  in  the  nearfield  of  the 

W 

primaries.  On  the  other  hand,  as  a^  -*  0  ,  0^(0)  assumes  the  form 

of  a  delta  function,  and  Equation  (4.47)  yields  D^(0)D2(0)  .  The 
conclusion  to  be  drawn  is  that  the  directivity  of  the  difference- 
frequency  signal  is  at  best  only  as  good  as  that  given  by  either  the 
product  of  the  primaries  or  the  Westervelt  result,  whichever  is  less 
directional. 

In  Figure  15  is  presented  the  directivity  patterns  obtained 
from  Equations  (4.37)  and  (4.38)  for  the  same  parameters  as  in 
Figure  10.  Here  the  directivity  function  is  defined  as 
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(4.48) 


Dg(0)  =  lim 
Z-x» 


p_(0,Z;6) 
P  (0 ,Z ; 0) 


Note  that  this  is  not  the  conventional  definition  for  a  directivity 

function,  where  in  the  denominator,  6  would  not  ordinarily  be  set 

equal  to  zero.  By  comparing  the  farfield  pressure  to  the  maximum 

farfield  pressure  obtained  when  there  is  no  dispersion  (which  is  at 

0  =  0  ) ,  we  emphasize  the  effect  of  variations  in  6  .  Equation  (4.48) 

is  therefore  not  a  true  directivity  function  in  the  sense  that  when 

6^0,  the  maximum  value  of  |Dg(0)|  is  in  general  not  equal  to 

unity.  In  fact,  when  6D  and  a.^/9.  are  related  as  in  Figure  14b, 

there  are  values  of  0  for  which  |Dg(0)|  >  1  .  To  calculate  Dg(0)  , 

it  is  more  efficient  to  use  Equation  (4.38)  rather  than  Equation  (4.37). 

2  2 

However,  as  discussed  in  Appendix  B,  for  low  absorption  when  4D  0  >1 

2 

and  0  -  26  ,  the  series  in  Equation  (4.38)  converges  very  slowly  and 

Equation  (4.37)  must  be  used.  Finally,  we  note  that 


Dg(0)  ~  exp{-^D202/2  - ifi_D2Z02}Dg(0)  ,  2aT/ft_  »  1 

~  exp{-2D202  -  ift_D2Z02}  ,  |2*j,/flJ  «  1 

since  fl2  +  fi2  -  2  . 

Referring  now  to  Figure  15a,  we  observe  two  salient  effects  of 
dispersion  on  the  farfield  directivity  patterns.  First,  there  is 
attenuation  not  only  on  axis,  but  also  at  the  maximum  in  the 
directivity  pattern.  Second,  for  reasons  that  were  discussed  in 
Section  2.3,  the  direction  of  maximum  radiation,  0  ,  is  shifted  off 


0 


axis.  In  fact,  for  large  values  of  6  ,  we  find  that  6q  approaches 
v^26  ,  which  is  the  angle  predicted  for  an  absorption-limited  array. 

This  is  because  in  a  dispersion-limited  array,  as  in  an  absorption- 
limited  array,  significant  energy  transfer  due  to  nonlinear  interaction 
is  confined  to  the  nearfield  of  the  primaries  where  the  conditions  for 
collimated  plane-wave  interaction  are  approximately  satisfied. 

As  absorption  increases,  the  maxima  asymptotically  approach 
levels  given  by  exp{-ft  D  ©q /2 }  ,  and  Equation  (4.39)  becomes  applicable. 
However,  as  seen  in  Figure  15c,  the  radiation  pattern  then  becomes  so 
broad  that  the  locations  of  the  off-axis  maxima  are  hard  to  identify. 

2 

In  other  words,  when  absorption  becomes  high  enough  that  1 6 1  <  a^,/2Q  D 
(i.e.,  1 6 1.  <  aT/k  ),  then  as  noted  in  Section  4.2,  the  effects  of 

dispersion  may,  for  all  practical  purposes,  be  neglected.  It  is 
interesting  to  note  again  that  (e.g.,  where  &  *  0.0003  in  Figure  15b) 
because  of  diffraction,  it  is  possible  for  dispersion  to  increase  the 
efficiency  of  nonlinear  interaction.  In  Figure  16  is  presented  a 
comparison  of  directivity  patterns  for  anomalous  and  normal  dispersion. 
Because  of  diffraction,  the  axial  amplitudes  in  Figures  16a  and  16b  are 
not  the  same,  in  contrast  to  the  results  in  Figure  6. 

Evolution  of  the  farfield  radiation  patterns  is  dramatically 
illustrated  in  Figures  17a-17c,  which  are  three-dimensional  field  plots 
calculated  by  using  Equation  (4.10).  When  there  is  no  dispersion,  as 
in  Figure  17a,  resonance  is  achieved  within  the  nonlinear  interaction 
zone,  and  therefore  constructive  reinforcement  of  the  difference- 
frequency  signal  occurs,  which  results  in  the  end-fire  radiation 
pattern.  In  contrast,  for  6  ^  0  ,  it  is  seen  from  Figures  17b  and  17c 


(a)  Anomalous  Dispersion 


(b)  Normal  Dispersion 


:  16.  Effect  of  Anomalous  (6  <  0)  Versus 
Normal  (6  >  0)  Dispersion  on  the 
Difference-Frequency  Field  Directivity 
Pattern  (Q  =  0.1  ,  D  =  30). 


Figure  17.  Effect  of  Dispersion  on  Difference-Frequency 
Pressure  Field  Resulting  from  Interaction  of 
Gaussian  Beams  (fi  =  0.1  ,  D  =  30  ,  a^  =0.1) 


i  n/. 
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that  synchronism  conditions  are  not  realized  within  the  nonlinear 
interaction  region.  The  interaction  region  is  clearly  defined  by  the 
resulting  spatial  oscillations.  For  normal  dispersion  (6  >  0)  , 
Figure  17b  displays  the  radiation  of  a  free  difference-frequency 
wave  from  the  interaction  region.  Referring  now  to  Figure  17c,  we 
see  that  for  anomalous  dispersion  (6  <  0)  ,  evanescent  radiation 
outside  of  the  interaction  zone  contributes  virtually  nothing  to  the 
difference-frequency  field. 


4.4  Sum-Frequency  Field 

Rewriting  Equation  (4.16),  we  obtain  for  the  sum-frequency  field 
-a+Z  2 

p+«.«  ■  -2d2po  hn  e*p<4V2  +  l4r  -  rHz> 

4" 


•  [E1{46+D2  +  iaT)-E1{(46+D2  +  iaT  )  (1 
4*  4’ 


iz)  >] 

(4.49) 


where 


and 


aT+  al  +  a2  a+ 


k  +  k 

6+  '  1  -  "TT-2 


and  where  we  let 


Co  =  C+  ’ 


so  that  a_J_  =  a+  .  As  discussed  in  Section  4.1,  Equation  (4.49)  is 
easily  modified  for  application  to  the  second-harmonic  fields. 
Henceforth  in  this  section,  when  Equation  (4.49)  is  discussed  with 
respect  to  the  second  harmonic,  it  is  assumed  that  the  necessary 
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modifications  have  been  made.  To  the  best  of  this  author's  knowledge, 

Equation  (4.49)  is  a  new  result  even  when  dispersion  is  neglected. 

This  is  rather  remarkable  considering  the  number  of  solutions  of 

Equation  (3.1)  which  have  been  published  for  the  difference  frequency. 

When  a'  =  0  ,  Equation  (4.49)  reduces  to  the  result  obtained  by 
+  51 

Rudenko,  Soluyan,  and  Khokhlov  for  the  second  harmonic.  Also, 

the  solution  for  the  second  harmonic  resulting  from  plane-wave  propa- 

52 

gation  in  a  relaxing  fluid  was  obtained  by  Polyakova.  However,  it 
appears  that  no  existing  solutions  account  for  dissipation,  dispersion, 
and  diffraction. 

In  contradistinction  to  the  case  of  p  ,  for  which  a  T  iS 

always  positive,  it  is  possible  for  a_  to  be  negative.  In  fact, 

X+ 

although  aT  may  be  positive  or  negative,  it  is  usually  negative. 

+ 

For  the  purpose  of  the  discussion  that  follows,  we  shall  assume  the 
attenuation  coefficient  depends  on  frequency  according  to  the 
relation 


™  n 

a  a  us 

U) 


(4.50) 


Therefore,  aT  is  negative  when  n  >  1  ,  and  it  is  positive  when 
n  <  1. 


Depending  on  whether  a  is  positive  or  negative,  Equation 

(4.49)  yields  one  of  two  different  expressions  for  the  farfield. 

When  n  >  1  in  Equation  (4.50)  so  that  a  <  0  ,  Equation  (4.49) 

T+ 

reduces  to 


p+(e,z) 


i2D2P 


a  -i46  D 
T+  * 


-(a^+a^Z 

- - j -  exp{-2D292-i2D2Z62}  ,  Z->~  ,  •>  <  0 

Z  X+ 

(4.51) 
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where  £  has  been  replaced  by  z0  .  Likewise,  when  n  <  1  and 

therefore  a  >  0  ,  Equation  (4.49)  becomes 

T+ 

-a+z 

p+(0,Z) - i2D2Po^-^ —  exp{46+D2  +  iaT  lE^US+D2  +  iaT  } 


exp{-2D202  -  i2D2Z02}  ,  Z  -*•  »  ,  a  >  0  .  (4.52) 


The  salient  difference  between  Equations  (4.51)  and  (4.52)  is 

-2  “(ai+a2^z 

that  when  a_  <  0  ,  p  decays  as  Z  e  ,  whereas  when 

+  -1  ~a+Z 

a^,  >  0  ,  p+  decays  as  Z  e  .An  explanation  of  this  phenomenon 

+  29 

was  given  by  Webster  and  Blackstock,  but  since  their  discussion  has 

not  been  published,  we  repeat  it  here.  The  heart  of  the  analysis  is 

based  on  the  concept  of  virtual  sources.  Specifically,  it  matters 

whether  the  virtual  sources  (i.e.,  the  particular  solution)  decay 

faster  or  slower  with  distance  than  the  freely  propagating  component 

(i.e.,  the  homogeneous  solution)  of  the  nonlinearly  generated  signal. 

Because  the  virtual  source  strength  is  determined  by  the  product  of 

the  primary  wave  fields,  its  decay  in  the  farfield  is  given  by 

-2  ~^al  +  a2^Z 

Z  e  .On  the  other  hand,  a  small-signal  wave  having 

-1  “a+Z 

frequency  (i.e.  ,  the  free  wave)  decays  as  Z  e 

We  first  consider  the  case  where  a T  <  0  ,  i.e.,  a+  >  a^  +  a^. 
At  any  arbitrary  point  in  the  field,  the  sum-frequency  wave  is  formed 
by  the  addition  of  the  signals  radiated  by  all  of  the  virtual  sources 
between  that  observation  point  and  the  projector.  At  great  distances, 
however,  when  a+  >  a^  +  a2  ,  the  signals  that  were  radiated  by 
virtual  sources  near  the  projector  will  have  suffered  more  attenuation 
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than  did  the  actual  virtual  sources  which  are  close  to  the  observation 

point.  As  a  result,  far  away  from  the  projector,  the  radiation  from 

neighboring  virtual  sources  always  exceeds  the  radiation  from  virtual 

sources  which  are  closer  to  the  projector.  In  other  words,  the 

particular  solution  is  much  more  important  than  the  homogeneous 

solution  at  sufficiently  great  distances.  This  explains  why  Equation 

(4.51)  describes  p  decaying  at  the  same  rate  as  the  virtual  sources, 
-2  ~^al  +  a2^Z 

that  is,  as  Z  e  .  Also,  that  the  sum-frequency  wave 

propagates  according  to  the  wave  number  k^  +  rather  than  k+  is 
another  manifestation  of  the  particular  solution.  Thus,  it  may  be 
said  that  when  a  <  0  ,  there  is  no  farfield  for  the  sum  frequency 
in  the  sense  that  p+  never  behaves  as  a  small-signal  wave  of 
frequency  “+  ‘ 

When  aT  >  0  ,  i.e.,  a+  <  a^  +  ,  the  preceding  argument  is 

reversed.  Now  the  radiation  from  virtual  sources  near  the  projector 

exceeds  the  contribution  from  those  in  the  farfield.  The  homogeneous 

solution  thus  outlasts  the  particular  solution.  In  the  farfield,  p+ 

therefore  behaves  as  a  small-signal  wave  and  decays  according  to 
-1  -a+Z 

Z  e  ,  as  shown  by  Equation  (4.52).  This,  of  course,  is  always  the 

case  for  the  difference- frequency  signal,  i.e.,  p  decays  as 

-1  -a-Z 

Z  e  because  we  always  have  a  <  a^  +  .  Incidentally,  one 

may  thus  identify  the  homogeneous  and  particular  solutions  in  the 
general  field  integral  given  in  Equation  (4.9);  they  are  the  functions 
which  arise  from  the  evaluation  of  the  integral  at  the  lower  and 
upper  limits,  respectively. 
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Of  particular  interest  are  the  directivity  functions  in 
Equations  (4.51)  and  (4.52).  Specifically,  we  find  that  the 
directivity  function  is  always  given  by 


D+(6)  = 


2  2 
-2D  8 


(4.53) 


which  is  equivalent  to  the  product  of  the  primary-beam  directivity 

functions  when  -  1  .  As  was  first  reported  by  Westervelt  and 

53 

Radue,  the  directivity  function  of  a  second  harmonic,  under  weak 

finite-amplitude  conditions,  is  equal  to  the  square  of  the  directivity 

function  of  the  fundamental.  Subsequent  generalization  by  Lockwood, 

54 

Muir,  and  Blackstock  yielded  the  result  that,  under  similar  condi¬ 
tions,  the  directivity  function  of  the  nth  harmonic  is  Dn(6)  ,  where 
D(0)  is  the  directivity  function  of  the  fundamental. 

A  noticeable  absence  in  the  directivity  functions  of  the 
second-harmonic  and  sum-frequency  components  is  the  Westervelt 
directivity  function.  When  a^,  <  0  ,  the  sum-frequency  signal  never 

escapes  from  the  interaction  region,  and  its  directivity  is  therefore 
that  of  the  virtual  sources.  However,  a  Westervelt  function  might  be 

expected  when  a  >  0  .  If  the  analysis  in  Section  2.3  is  repeated 
T+ 

for  the  second-harmonic  and  sum-frequency  components,  we  obtain,  when 

aT  >  0  , 


D®(5) 


,  2  2  - 
expt-2D  r  J 


1  +  i  (2D2/ a_  )(S2 
x+ 


25+) 


(4.54) 


"  1 
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for  the  directivity  function  of  an  absorption-limited  array.  Note 
that  the  normalized  aperture  factor  in  the  numerator  of  Equation  (4.54) 
is  identical  to  Equation  (4.53);  i.e.,  the  normalized  aperture  factor 
is  equal  to  the  product  of  the  primary-beam  directivity  functions.  One 
can  easily  demonstrate  that,  compared  to  the  numerator,  the  denominator 
of  Equation  (4.54)  depends  very  weakly  on  0  .  In  fact,  the  denomina¬ 
tor  contributes  significantly  to  the  directivity  function  only  when 

a  is  extremely  small,  in  which  case  a  diffraction-limited  array  is 
T+ 

obtained  for  which  Equation  (4.54)  no  longer  applies.  Thus,  whether 
we  have  a  diffraction-  or  an  absorption-limited  array,  the  directivity 
function  for  the  second-harmonic  and  sum-frequency  components  is 
always  given  by  Equation  (4.53).  This  result  is  not  surprising 
because,  unlike  the  difference-frequency  signal  for  which  the  wave¬ 
length  is  large  compared  to  the  width  of  the  interact! jn  region,  that 
of  the  sum-frequency  signal  is  small.  Radiation  of  the  sum-frequency 
signal  from  the  interaction  region  therefore  never  appears  as  though 
it  comes  from  a  line  array  of  point  sources. 

Recall  that  in  obtaining  Equations  (4.16)  and  (4.49),  we 

2 

neglected  various  terras  containing  £  on  the  basis  that  ~  ^  • 

The  validity  of  this  approximation  may  be  evaluated  by  considering  to 
what  extent  the  directivity  function  is  affected.  Had  we  retained  all 
of  our  terms,  we  would  have  discovered  for  an  absorption-limited 
array  the  presence  of  a  Westervelt-type  directivity  function,  namely, 

D(e)  '  { 1  +  1  [(x  -  5^)  «2  -  2S+1 }  1  •  <4-55> 
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When  ~  »  Equation  (4.55)  exhibits  significantly  weaker 

dependence  on  0  than  does  the  denominator  of  Equation  (4.54),  and 

our  approximation  thus  appears  to  be  justified.  In  light  of  the 

discussion  in  the  preceding  paragraph,  it  should  not  be  surprising 

that  Equation  (4.55)  and  the  denominator  of  Equation  (4.54)  are 

dissimilar.  Since  diffraction  is  accounted  for  by  our  wave  equation 

and  it  was  found,  from  physical  considerations,  that  we  cannot  have  a 

Westervelt  directivity  function  for  the  second-harmonic  and  sum- 

frequency  waves,  we  should  not  expect  our  results  to  yield  Equation 

(4.54).  Consequently,  no  shift  should  be  expected  in  the  direction 

of  maximum  radiation  due  to  dispersion. 

A  typical  family  of  curves  that  depicts  the  axial  sum-frequency 

pressure  field  as  given  by  Equation  (4.49)  is  presented  in  Figure  18, 

where  we  have  set  a_  =  ~a+/2  <0  to  represent  a  thermoviscous  fluid. 

A+ 

For  normal  dispersion,  6+  is  negative,  while  for  anomalous  dispersion, 

-(a  +  a„)Z 

6+  is  positive.  Here  the  pressure  is  referred  to  P^e 

so  that  the  exponential  attenuation  of  the  farfield  pressure  is 

factored  out.  In  general,  the  discussion  in  Section  4.2  of  the  axial 

difference-frequency  field  applies  to  the  axial  sum-frequency  field 

as  well.  For  example,  the  effects  of  dispersion  become  significant 

2 

only  when  |6+|  >  |aT  /4D  ]  ,  or  equivalently  when  |5+|  >  |a^,  /k+|  . 
Again,  compensation  for  the  phase  mismatch  caused  by  diffraction  is 
achieved  with  normal  (6+  <  0)  ,  not  anomalous  (6+  >  0)  ,  dispersion. 

When  a  <  0  ,  there  is  a  most  striking  difference  between  the 
sum-  and  difference-frequency  fields.  Notice  that  in  Figure  18,  there 
is  a  region  around  Z  =  40  where  the  nulls  due  to  dispersion  are 
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deeper  than  anywhere  else  in  the  field.  In  the  difference-frequency 

field,  however,  the  relative  amplitudes  of  oscillation  always  decrease 

with  distance.  The  difference  in  behavior  of  the  sum-  and  difference- 

frequency  fields  results  from  the  decay  rate  of  the  virtual  sources. 

For  example,  Equation  (2.18)  gives  the  amplitude  of  the 

difference-frequency  signal  which  results  from  dispersive  plane-wave 

interaction.  It  is  clear  from  Equation  (2.18)  that  when  a^  4  0  , 

there  is  no  place  in  the  field  where  perfect  cancellation  can  occur 

(compare  Figures  1  and  3) .  Perfect  cancellation  occurs  for  plane-wave 

interaction,  and  reoccurs  repeatedly  with  period  2fr/|k^  -  k  -  k  |  , 

only  when  a^  =  0  .  When  a^  =  0  ,  we  have  a^  +  =  a  .  Since 

there  are  no  spreading  losses,  the  virtual  sources,  which  are 

-(a  +  a2)Z 

determined  by  the  product  of  the  primaries,  decay  as  e 

Likewise,  a  freely  propagating  difference-frequency  plane  wave  decays 

-a_Z  -(a  +  a2^Z 

as  e  ~  ,  which  is  equal  to  e  when  a^  =  0  .  Perfect 

cancellation  of  the  difference-frequency  plane  wave  is  achieved 

whenever  the  virtual  sources  withdraw  exactly  the  same  amount  of 

energy  that  they  had  previously  pumped  into  the  difference-frequency 

signal.  This  perfect  balance  occurs  only  when  the  attenuation  of  the 

virtual  sources  and  of  the  free  wave  are  identical. 

When  there  are  spreading  losses,  the  decay  rates  are  more 

complicated.  In  the  farfield,  the  spreading  losses  are  proportional 

-2  -1 
to  Z  for  the  virtual  sources  and  Z  for  the  free  sum-frequency 

-2  ~^al  +  a2^Z 

wave.  Thus,  the  rates  of  attenuation  due  to  Z  e  and 

-1  ~a+Z 

Z  e  can  never  be  the  same  at  more  than  one  point.  In  fact,  for 

the  difference  frequency,  where  a  <  a^  +  ,  the  free  wave  decays 
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as  Z  e 


in  the  farfield.  This  decay  rate  is  always  less  than 

-2  ”^al  +  a2)Z 
the  decay  rate  of  the  virtual  sources,  i.e.,  Z  e 

However,  for  the  sum  frequency  where  a  >  a.  +  a-  ,  the  decay  rate 

-1  "a+Z 

of  the  free  wave,  given  by  Z  e  ,  indeed  matches  that  of  the 

virtual  sources  at  some  point  in  the  field.  After  the  point  where 
the  decay  rates  match,  the  free  wave  thereafter  decays  faster  than 
the  virtual  sources.  Perfect  cancellation  does  not  necessarily  occur 
at  the  location  where  the  decay  rates  match.  For  perfect  cancellation, 
the  virtual  sources  must,  in  some  interval,  withdraw  all  of  the  remain¬ 
ing  energy  in  the  free  wave  before  the  relative  phase  between  the  two 
components  reverses  and  the  virtual  sources  begin  pumping  energy  back 
into  the  free  wave.  Efficient  cancellation  of  the  free  wave  is  thus 
more  likely  in  the  region  where  the  decay  curves  cross.  In  fact,  we 
find  that  the  optimal  location  also  depends  on  the  amount  of  dispersion. 
Regardless,  when  a+  >  a^  +  ,  conditions  are  such  that  the  relative 

amplitudes  of  the  spatial  oscillations  behave  as  in  Figure  18.  On  the 
contrary,  since  we  always  have  a_  <  a^  +  a^  ,  a  similar  phenomenon 
does  not  occur  in  the  difference-frequency  field. 


CHAPTER  V 


PARAMETRIC  ARRAYS  FORMED  BY  NONDIFFRACTING 
NONCOLLINEAR  PRIMARY  WAVES 

By  dispersion  of  sound  is  usually  meant  the  dependence  of  the 
sound  speed  on  frequency.  When  dispersion  depends  on  inherent  physical 
properties  of  the  fluid,  it  is  sometimes  referred  to  as  inherent 
dispersion.  Examples  of  media  which  are  inherently  dispersive  are 
relaxing  fluids,  bubbly  liquids,  two-phase  media,  and  media  subject  to 
boundary  layer  effects.  In  Section  4.2,  we  discussed  dispersion  which 
was  said  to  be  diffraction-induced.  Although  it  too  exhibits  a 
frequency  dependence,  the  cause  of  diffraction-induced  dispersion  is 
the  geometry  of  the  source  of  radiation.  Specifically,  wavelets  which 
arrive  from  different  points  on  a  source  combine  to  form  a  wavefront 
which  propagates  at  a  speed  that  can  be  different  from  that  of  the 
individual  wavelets.  Because  the  direction  from  which  each  wavelet 
arrives  is  affected  by  diffraction,  diffraction-induced  dispersion 
must  therefore  exhibit  a  dependence  on  frequency.  Sufficiently  far 
away  from  any  source  of  radiation,  the  wave  field  becomes  spherical 
because  of  diffraction,  so  that  diffraction-induced  dispersion  is 
manifested  only  in  the  nearfield. 

Diffraction- induced  dispersion  may  be  regarded  as  a  special 
case  of  geometric  dispersion,  which  is  a  term  often  used  to  describe 
the  trace  speed  of  a  wave.  The  trace  speed  is  the  phase  speed  of  a 
wave  along  a  direction  which  forms  an  arbitrary  angle  with  the 
direction  of  propagation.  For  example,  the  trace  speed  along  a 


direction  which  forms  an  angle  <J>  with  the  propagation  direction  of  a 
plane  wave  is  given  by 


c 

tr 


c 

cos<J> 


(5.1) 


where  c  is  the  propagation  speed.  Geometric  dispersion  is  probably 
most  well  known  in  connection  with  the  propagation  of  modes  in 
waveguides. ^  Obviously,  inherent  and  geometric  dispersion  are 
independent  and  can  exist  simultaneously.  In  Section  4.2  we  showed 
that  diffraction- induced  dispersion  can  compensate  for  the  effects  of 
inherent  dispersion.  However,  the  amount  of  compensation  was  found  to 
be  insignificant  and  therefore  of  only  academic  interest.  As  seen 
from  Equation  (5.1),  we  can  change  the  phase  speed  of  the  primaries 
along  a  particular  direction  by  simply  varying  <J>  .  Both  this  and 
the  next  chapter  are  devoted  to  an  investigation  of  the  use  of 
geometric  dispersion  to  compensate  for  inherent  dispersion.  In  what 
follows,  we  shall  refer  to  fluids  exhibiting  no  inherent  dispersion 
as  dispersionless  fluids,  and  to  effects  caused  by  noncollinear 
interaction  as  geometric  dispersion. 

The  analysis  in  this  chapter  is  simply  an  extension  of  that  in 
Chapter  II  to  the  case  of  noncollinear  interaction.  In  Section  5.1 
we  investigate  the  interaction  region  by  way  of  an  analysis  of 
noncollinear  infinite  plane-wave  interaction.  Westervelt's  analysis^ 
is  extended  in  Section  5.2  to  encompass  noncollinear  interaction  of 
collimated  plane  waves. 
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5.1 


Interaction  Region 

In  this  section  we  consider  noncollinear  interaction  of  infinite 
plane  waves  where,  for  simplicity,  we  neglect  both  attenuation  and 
variations  in  amplitude  across  the  wavefronts.  Both  of  these  factors 
were  included  when  we  analyzed  collinear  interaction  in  Section  2.2, 
the  discussion  of  which  is  easily  extended  to  the  analysis  which 
follows. 

We  begin  our  analysis  of  infinite  plane-wave  interaction  by 
rewriting  Equation  (2.4)  as 


V^d  +  k^p  =  ^  -  0 
Fw  or w  ^  4  yto 

P  c 
o  o 


(5.2) 


where  Q  =  p  *p  .  The  first-order  solution  of  Equation  (5.2)  for  a 
U)  u>  to 

plane  wave  propagating  in  an  arbitrary  direction  is 


-ik  *r 

p03(r)  =  p0e  •  (5-3) 

Combining  Equations  (5.2)  and  (5.3),  we  obtain  the  inhomogeneous  wave 
equation  for  the  difference-frequency  field, 

2  2  ~i(k.  -  k  )-r 

7  p. +  kJ>.  -  p0ip02  e  •  (5-4) 

P  c 


The  virtual-source  distribution  represented  on  the  right-hand  side  of 
Equation  (5.4)  resembles  a  plane  wave  of  frequency  to  which  is 
propagating  in  the  direction  of  at  speed  w_/|k^  -  k ^  |  . 

Equation  (5.4)  is  therefore  a  one-dimensional  plane-wave  problem  of 
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the  type  which  was  considered  in  Section  2.2.  In  fact,  if  we  employ 


a  new  axis,  n  ,  which  is  collinear  with  k^  -  k 2  as  shown  in 
Figure  19,  we  may  rewrite  Equation  (5.4)  as 


(5.5) 


because  by  definition,  we  have 


(kx  -  k2)-n  =  |kx  -  k2 jn 


The  solution  of  Equation  (5.5)  is 


i23w^pQ1p02  sinfd^  -k2  |  -  k  )n/2]  -1(1^  -  k  2  |  +  k_)ri/2 

p_(n)  =  - Z- - — - — 2 - ~2 -  e 

pc  k,  -  k„  -  k 

12  '  (5.6) 


Equation  (5.6)  is  formally  equivalent  to  Equation  (2.19),  and 
the  discussion  following  the  latter  thus  applies  to  Equation  (5.6)  as 
well.  Specifically,  the  difference-frequency  signal  given  by 
Equation  (5.6)  is  a  plane  wave  propagating  in  the  direction  of 
k^  -  k2  .  The  amplitude  of  the  signal  experiences  spatial  beating 
of  period 


(5.7) 


where  A  is  the  distance  over  which  the  phase  of  the  virtual  sources 

q 

relative  to  that  of  a  freely  propagating  difference-frequency  signal 
passes  through  360°.  From  Equation  (5.7),  we  deduce  that  resonant 
interaction,  which  occurs  when  there  is  phase  matching,  is  possible 
only  when 


Combining  Equations  (5.8)  and  (5.11)  to  solve  for  the  phase-matching 
angle  <j>  ,  we  obtain 


E 


<t> 


o 


k2  -  (k. 


k2r 


4klk2 


(5.12) 


Phase  matching  of  plane  waves  can  therefore  be  accomplished  via 
geometric  dispersion  only  when 


kl  -  k2  1  k_  ,  (5.13) 

which  is  a  condition  satisfied  by  fluids  exhibiting  normal  dispersion, 

that  is,  c^  c^  >  c  .  When  k^  -  k^  =  k  ,  Equation  (5.12)  yields 

<p  =  0  as  required, 
o 

A  very  graphic  representation  of  the  difference-frequency  field 

resulting  from  noncollinear  interaction  of  two  plane  waves  having 
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nearly  equal  wave  numbers  is  given  by  Zverev  and  Kalachev,  ’  and 
58 

is  reproduced  in  Figure  20.  The  justification  for  using  Figure  20 
to  represent  the  difference-frequency  field  within  the  interaction 
region  is  based  on  Equation  (5.7),  which  we  can  rewrite  in  terms  of 
wavelengths  as 


A 

q 


A1A2 


A2  +  A2  -  2A^A2cos<J>  -  A^A2/A 


(5.14) 


If  the  intersecting  plane  waves  depicted  in  Figure  20  have  the  same 
wave  number  and  therefore  the  same  wavelength,  A  ,  it  can  be  shown 
quite  easily  that  the  distance  between  adjacent  Moire  bands  is  given 
by 


Aq  =  2  sin(<J>/2)  ’  A1  A2 


(5.15) 
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Figure  20.  Representation  of  Difference-Frequency  Field  Resulting 
from  Noncollinear  Interaction  of  Two  Plane  Waves 
Having  Nearly  Equal  Wave  Numbers 


AS-83-720 


As  -»•  A  =  A  ,  A  and  Equation  (5.14)  reduces  to  Equation 

(5.15).  Thus,  when  ~  ^2  ’  t^ie  bands  in  Figure  20  indeed 

represent  the  amplitude  of  the  difference-frequency  field,  because 
the  bands  are  separated  according  to  the  period  of  spatial  oscillation 
given  in  Equations  (5.7)  and  (5.14).  The  centers  of  the  light  bands 
may  be  interpreted  as  maxima  in  the  difference-frequency  field,  and 
the  centers  of  the  dark  bands  may  be  interpreted  as  nulls  (for 
comparison,  see  Figure  1). 

The  difference-frequency  signal  propagates  in  the  direction  of 
kf  -  ,  which  is  perpendicular  to  the  line  of  symmetry  between  k^ 

and  k^  when  k-^  -  k^  .  This  explains  the  orientation  of  the  Moire 
bands  in  Figure  20.  When  <p  =  0  ,  there  is  no  geometric  dispersion 
so  that  in  the  absence  of  inherent  dispersion,  A^  =  °°  ,  and  the 
difference-frequency  signal  grows  linearly  with  range.  Increasing 
<f>  causes  A^  to  decrease.  Aside  from  the  direction  of  propagation 
of  the  difference-frequency  signal,  the  net  result  is  therefore 
identical  to  that  obtained  by  increasing  inherent  dispersion  in  the 

collinear  interaction  of  plane  waves.  In  fact,  when  there  is  no 
inherent  dispersion,  6^  reduces  to 


VJ 


^1^2  2 

1  +  4  — x—  sin  (tp/2) 
k 


kl  ~  k2  =  k- 


where  in  this  case, 


>  - 


<  0  .  When  the  length  of  the  interaction 


region  along  the  direction  of  k  -  k„  is  longer  than  A  /2  ,  energy 

1  ^  Q 

transfer  to  the  difference-frequency  signal  becomes  extremely 
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inefficient.  Recently,  TenCate  reported  results  for  wave  interaction 

in  a  rectangular  waveguide  which  indisputably  support  Equation  (5.7). 

In  light  of  the  above  discussion,  it  is  surprising  how  much 

attention  has  been  devoted  to  the  phenomenon  first  referred  to  by 

Ingard  and  Pridmore-Brown^  as  the  scattering  of  sound  by  sound.  The 

usual  connotation  of  the  scattering  of  sound  by  sound  refers  to 

radiation  of  sum-  and  difference-frequency  signals  from  the  interaction 

region  formed  by  two  primary  beams  which  intersect  at  an  arbitrary 

angle.  When  there  is  no  inherent  dispersion,  we  see  clearly  from 

Figure  20  that  even  small  angles  of  intersection  can  cause  asynchronous 

conditions.  For  large  angles  of  intersection,  we  therefore  expect  only 

insignificant  levels  of  radiation  from  the  interaction  region.  In 

1956,  Ingard  and  Pridmore-Brown^0  reported  results  from  a  theoretical 

and  experimental  investigation  of  the  sum-  and  difference-frequency 

signals  radiated  from  the  interaction  region  formed  by  two  sound  beams 

23 

intersecting  at  90  .  Using  Lighthill's  acoustic  analog  equation, 

they  derived  predictions  for  the  levels  of  the  scattered  signals  which 

exceeded  their  measured  levels  by  about  10  dB.  Discussion  in  the 

literature  regarding  both  the  theoretical  model  and  experimental 

procedure  employed  by  Ingard  and  Pridmore-Brown  continues  to  this  day, 

6 1  62 

detailed  accounts  of  which  are  given  by  Beyer  and  Fenlon.  By  far 

the  most  fruitful  response  was  that  of  Westervelt whose  series 

22 

of  papers  on  the  subject  led  to  his  discovery  in  1960  of  the 
parametric  array.  Indeed,  Equation  (5.12)  indicates  that  resonant 
interaction  in  a  dispersionless  fluid  is  possible  only  with  collinear 
interaction.  In  context,  it  is  therefore  somewhat  ironic  that  the 
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parametric  array  was  belatedly  conceived  as  a  special  case  of  the 
scattering  of  sound  by  sound. 

To  conclude  this  section,  we  consider  the  validity  of  using 
Equation  (2.1)  for  the  problem  of  noncollinear  interaction.  This 
question  of  validity  arises  because  the  form  of  the  nonlinear  term  in 
Equation  (2.1)  was  obtained  subject  to  restrictions  consistent  with 
use  of  the  plane-wave  impedance  relation.  We  therefore  derive  an 
inhomogeneous  wave  equation,  for  the  specific  case  of  noncollinear 
interaction  of  two  infinite  plane  waves,  where  all  second-order  terms 
are  retained.  As  shown  in  Appendix  F,  an  equation  is  obtained  for 
both  the  sum  and  difference  frequencies,  which  is  identical  in  form 
to  Equation  (5.4),  but  where  8  is  replaced  by 

t,  u.b).  . 

8±(<J>)  ■  ^  +  cos*  +  4  — —  sin  (*/2)  .  (5.16) 

w± 

Equation  (5.16)  is  a  modified  coefficient  of  nonlinearity,  which  for 
collinear  interaction  reduces  to  8+  =  1  +  B/2A  . 

The  extent  to  which  Equation  (5.16)  differs  from  8+=l  +  B/2A 
Indicates  how  appropriate  it  is  to  use  Equation  (2.1)  in  an  analysis 
of  noncollinear  interaction.  We  first  consider  the  physical  signifi¬ 
cance  of  each  term  in  Equation  (5.16).  The  first  term  represents  the 

nonlinearity  in  the  equation  of  state  relating  the  pressure  and  density. 

2 

If  the  acoustic  pressure  and  density  were  related  linearly  by  p  =  cQp  , 
the  first  term  would  disappear.  The  second  term  in  Equation  (5.16) 
represents  convection.  Because  of  the  finite  amplitude  of  the  particle 
velocity,  a  small  current  is  set  in  motion  by  the  passage  of  the  sound 


wave.  Since  we  are  considering  two  waves  which  are  propagating  in 

different  directions,  the  particle  velocities  add  vectorially,  and  the 

convection  therefore  depends  on  the  angle  of  intersection.  At  this 

time,  the  physical  significance  of  the  third  term  in  Equation  (5.16) 

is  uncertain.  Experimental  results  which  support  the  angular 

dependence  of  the  second  term  in  Equation  (5.16)  have  been  reported 

59 

recently  by  TenCate,  while  verification  of  the  third  term  was  not 
possible  because  of  the  nature  of  his  experiment.  In  any  event,  we 
are  concerned  with  intersection  angles  of  only  a  few  degrees.  Use  of 
Equation  (2.1)  for  noncollinear  interaction  is  therefore  justified 
insofar  as  the  deviation  of  Equation  (5.16)  from  3+  =  1  +  B/2A  is 
small. 


5. 2  Farfield  of  the  Parametric  Array 

Here  we  extend  the  analysis  in  Section  2.3  to  encompass 
noncollinear  interaction  of  nondiffracting,  collimated  primary  beams. 
Specifically,  we  assume  the  primaries  are  given  by 


Pj (x,y ,z) 


f  j  U,y  ,z) 


-iX,  t 

a 


(5.17) 


where  x, ,  =  k  -  ia  .  The  function  f(x,y,z)  ,  which  is  determined 
from  the  boundary  condition,  defines  the  pressure  amplitude  of  the 
beam.  Without  loss  of  generality,  we  restrict  the  directions  of 
and  X2  t0  t*,e  x~z  plane.  If  the  angles  formed  by  X-^  and  X2 
with  the  z  axis  are,  respectively,  4>^  and  ,  then 


X 


.  •  r 
J 


>  .z  cos<f> .  +  y.x  sind>. 
J  J  J  J 


(5.18) 
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which  for  small  $  is  given  approximately  by 


y.*r  -  k  z  cos*.  +  k.x  sin*.  -  ia.z 
J  J  J  J  3  3 


(5.19) 


We  therefore  ri<  ^  our  boundary  condition  as 


-ik.x  sin<J). 
Pj  (x,y,o)  =  P^  (x,y)  e  3  3 


(5.20) 


where  P (x,y)  is  the  amplitude  of  the  beam  at  z  =  0  .  In  other 
words,  to  steer  a  beam  at  an  angle  4>  relative  to  the  z  axis  in  the 
x-z  plane,  a  linear  phase  delay  at  the  source  given  by  -kx  sin<}>  is 
required.  If  we  follow  any  ray  which  is  parallel  to  such  a  beam,  we 
find  that  the  ray  travels  a  distance  d  tan<j>  in  the  x  direction  for 
each  distance  d  traveled  in  the  z  direction.  Combining  Equations 
(5.17)  and  (5.20),  we  thus  obtain 


-i-X.T 

p.(x,y,z)  =  P.(x  -  z  tan<|>  ,y)  e  J 


(5.21) 


because  of  the  assumption  that  there  is  no  diffraction  or  spreading. 

The  solution  of  the  inhomogeneous  wave  equation  for  the 
difference-frequency  field  is  therefore  given  to  a  first  approximation 
by 


P_(r,0x,Qy> 


fa2 

c  -ixjr-^’l 

— 

1  6 

4 

I  |  "*■  *"►  .  | 

4ttp  c 

J  r  -  r’ 

0  0 

V' 

\(x’-z’ 

tan  ,  y '  )  P,(x 

-i(xrx$>-*’ 

,,y  )  e 


where  V  is  the  volume  of  integration,  and  G  and  0  are 

x  y 

azimuthal  angles  in  the  x-z  and  y-z  planes,  respectively.  Our 
coordinate  system  is  defined  by  the  relations 


x  =  r  sim\  ,  y  -  r  sinu  ,  z  =  r  cosG 

*  t  V 


(5.23) 


whe  re 


2  2  2 
sin  6  +  sin  0  =  sin  0 

x  y 


(5.24) 


The  angle  0  ,  which  is  formed  by  r  and  the  z  axis,  is  the  same  as 
that  used  in  previous  sections.  We  must  now  evaluate  |r  -  r  |  : 


]-*■  "N 

r  -  r 


=  v/(x  -  x'r  +  (y  -  y')2  +  (z  -  z')2 


v/l  -  —  (xx*  +  yy'  +  zz')  +  0[(r'/r)2]  .  (5.25) 


For  observation  points  which  are  far  away  from  the  interaction  region, 

2 

we  may  neglect  0[(r'/r)  ]  and  rewrite  Equation  (5.25),  using 
Equation  (5.23),  as 


r  -  r 


-  r  -  x'  sin0  -  y'  sin9  -  z'  cos0 
x  y 


(5.26) 


Combining  Equations  (5.19),  (5.22),  and  (5.26),  and  assuming  all 
angles  are  sufficiently  small  that 


ar  -  a  z  , 


we  obtain 


The  length  L  of  the  array,  which  is  finite  whenever  ^  ^2  ’ 
given  by 


L  = 


2a 


tan  4>j  -  tan  <f> 


(5. 


The  difference-frequency  field  integral  thus  becomes 


P_(r>0x’9y) 


^  P01P02  e'1X-r  sin(k-bsinV.R/„  A  ,  _ 

4  r  k  b  sin  9  W  V^l  ’V  ’ 

TTOt  p  C  V 
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(5. 


where 


WV  W 


(  ik  at i) 

-(aT  +  i<2)L  ■ 

1  -  e 

-  x 

X 

1  +  i<2/aT 

-ik_aijJx 


-(ou  +  iK,  )L 


1  +  i<1/aT  | 


(5. 


and 


Kj  =  k^cosc})^  -  k2cos<j)2  -  k_(cos0  +  i/^tan^  ) 


(5. 


ip  and  L  are  defined  in  Equations  (5.28)  and  (5.30),  respectively 

£ 

When  =  4>2  =  ^  reduces  to 


R  sin  {k  a[sin  0^  -  (1  -  6)  sin  $] } 

F5^9x’9y’^^  k  a  [sin  9  -  ( 1  -  6)  sin  $>]  1  +  i<_/a^  ’ 


1 


o  T 


(5.34) 


where 


Thus,  only  when  4  =  dues  F  separate  into  an  aperture  factor 

and  a  modified  Westervelt  directivity  function.  The  aperture  factors 
are  then  maximized  when  -  i  and  0  =  0  ,  which  is,  of  course,  the 

X  V 

diiection  in  which  trie  primaries  are  radiated.  We  now  check  to  see  if 
(1  +  is  /_(  )  *  ,  the  modif  '  Westervelt  directivity  function,  is 

O  1 

similarly  oriented.  From  Equations  (5.33)  and  (5.35)  we  obtain 
k  /k  =  2  sin2  (-J/2)  -  i  -  sin  d  tan  i  +  (1  -  5) [sin  <J’  tan  $  -  2  sin2  (0/2) ]  . 

O  X 


(5.36) 


When  both  0  and  1  are  small,  we  can  replace  the  trigonometric 
functions  in  Equation  (5.36)  by  their  arguments  to  get 


1 


1 


1  +  lko/aT  1  +  i(k  /2o.  )  [(9  -  i)2  +  92  -  26  -  6$2] 
-lx  y 


(5.37) 


Aside  from  the  factor  of  0v“  ,  Equation  (5.37)  is  equivalent  to 


W 

D  .. ( •  J  -  T,'3  )  ,  as  required, 
d  x  v  1 


,R 


In  Figure  22  we  plot  F ,  for  0  =  0  to  show  the  effect  of 

by 

noncollinear  interaction  in  the  absence  of  dispersion.  The  parameter 
k^  given  in  the  figure  captions  is  a  mean  primary  wave  number, 
where 


kl  +  k  2 


For  even  smal L  values  of  4  ,  where 


-30  -24  -18  -12 


9X  ~  deg 

Figure  22.  Difference-Frequency  Field  Directivity 
Pattern  Resulting  from  Noncollinear 
Interaction  of  Nondiffracting  Rectangular 
Primary  Beams  in  a  Dispersionless  Fluid 

(4>l  =  <p,  <f>2  =  0,  ey  =  0,  ko/k_  =  10, 

k_a  =  5,  k_/aT  =  5000,  6=0). 
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is  the  angle  of  intersection,  the  farfield  suffers  significant  losses 
of  both  level  and  directivity.  Two  factors  contribute  to  the  deteriora¬ 
tion  of  the  farfield  radiation  pattern.  First  is  the  fact  that  when 
<t>  4  0  ,  the  array  is  terminated  at  z  =  L  ,  and  has  a  well-defined 

triangular  shape.  If  a  is  large  and  (j>  is  small,  the  width  of  the 
interaction  region  remains  relatively  constant  and  attenuation 

effectively  terminates  the  array  at  z  «  L  .  In  such  a  case, 

noncollinear  interaction  does  not  significantly  shorten  the  length 

of  the  interaction  region.  Otherwise,  the  width  of  the  array 

gradually  decreases  with  z  up  to  the  abrupt  termination  at  z  =  L  . 

The  ripples  observed  in  the  directivity  patterns  of  Figure  22  are 

manifestations  of  the  finite  length  of  the  array  when  cf>  4  0  .  As 

mentioned  in  Section  2.3,  there  are  no  sidelobes  in  the  difference- 

frequency  field  radiated  by  collinear  primary  beams  because 

attenuation  (or  spreading)  provides  a  gradual  termination  of  the 

array.  Note  that  when  <j>  ^  0  ,  the  directivity  patterns  exhibit 

slight  asymmetry  and  are  shifted  in  the  direction  of  positive  . 

This  occurs  not  only  because  the  interaction  region  is  oriented  in 

the  direction  of  positive  9  when  <p  -  0  and  <J>  =  <J>  ;  in 

X  Z  1 

~y 

addition,  the  direction  of  ,  along  which  the  difference- 

frequency  signal  is  amplified,  is  oriented  toward  positive  0^  . 

The  second  factor  which  contributes  to  deterioration  of  the 
farfield  radiation  pattern  is  phase  mismatching  resulting  from  the 
noncollinearity  of  the  primaries.  We  investigate  the  phase  mismatching 
by  seeing  to  what  extent  and  under  what  conditions  it  can  be  used  to 
offset  the  inherent  dispersivity  of  a  fluid.  In  Figure  23  are 
presented  farfield  radiation  patterns,  obtained  from  Equation  (3.32), 


for  noncollinear  interaction  in  fluids  which  exhibit  both  normal 
(Figure  23a)  and  anomalous  (Figure  23b)  dispersion.  The  level  of 
0  dB  refers  to  that  which  can  be  attained  when  6  =  0  and  (J>  =  0  , 
with  all  other  parameters  being  equal.  For  6  =  0.003  ,  we  use 
Equation  (5.12)  to  find  that  the  angle  for  which  there  is  resonant 

interaction  within  the  interaction  region  is  <j>  =  0.44°  .  However,  in 
Figure  23a,  it  is  seen  that  for  no  value  of  4>  is  there  any  improvement 
in  the  radiation  pattern.  In  fact,  we  found  that  such  improvement  is 
never  possible  when  6  >  0.  On  the  other  hand,  it  is  seen  in  Figure  23b 
that  the  effects  of  noncollinear  interaction  on  the  radiation  pattern 
are  less  detrimental  when  6  <  0  .  Moreover,  for  $  <  0.5°  there 
appears  to  be  no  significant  adverse  effects.  Indeed,  in  Figure  24, 
where  the  attenuation  is  lower  than  that  in  Figure  23,  slight  compen¬ 
sation  for  the  inherent  dispersivity  of  the  fluid  is  seen  to  be  possible 
when  6  <  0  ,  but  only  for  small  <j>  .  For  <j>  increases,  the  size  of 
the  interaction  region  is  reduced,  thus  offsetting  any  potential  gains 
resulting  from  phase  matching.  We  therefore  find  that  compensation  for 
inherent  dispersion  with  the  parametric  array  is  possible  only  when 
6  <  0  ,  but  not  for  6  >  0  ,  which  is  the  condition  required  for 
resonant  interaction  within  the  interaction  region.  Before  resolving 
this  paradox,  we  consider  one  more  example. 

Since  an  undesirable  consequence  of  noncollinear  interaction  of 
rectangular  beams  is  the  abrupt  termination  of  the  interaction  region, 
we  now  consider  nondiffracting  Gaussian  primary  beams  because  of  their 
gradual  amplitude  distributions.  We  thus  prescribe  the  boundary 


condition 


m 


r 


p  (x,y,0)  =  p  exp{-  (-p)2  -  (^~)2  ~  ik.x  sin  <j>. }  ,  (5.38) 

J  G3  x0  y0  3  3 


for  which  the  primaries  are  given  by 


P  (x,y,z)  =  p  exp 
J  J 


I  /  x  -  z  tan  d)  .  \ 

;'-  M  - 

x  o' 


it  .q.? 
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^  -J 


Our  field  integral  becomes 
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p  (r ,0  ,6  )  =  - 7 - - -  1  I 
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where 


OO 

=  I  exp{-2(-^— )2  +  ik_y'  sin  0  }  dy' 

j  y  o  ^ 

—  CO 

=  y0VI  exp{-  1  <k-V2sin2ey}  * 


and 


xz 


OO  OO 

=  exp{-[aT  +  i(k^  cos  -  k2  cos  ((t^  -  k  cos0)]  z' } 


0  -°° 


•  exp{-(tan2  +  tan2  <J>2)  (^— ) 2 } 

o 


f  r\ 

exp{-2(— )  +  (2  ”•  tan  <f> 1  +  2  —  tan  <J)  +  ik  ip  )  x'  }  dx'  dz' 

X  Z  1  4  ^  X 


(5.39) 


(5.40) 


138 
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1 


can  be 


where  is  given  in  Equation  (5.28).  Note  that  I 

separated  into  independent  integrals  over  x'  and  z'  if 


We  thus  obtain 


where 


I 

xz 


I  I 


X  z 


CO 

/exp{-2(y—  )2  +  i[k  sin  0^  -  (k^  +  k^)  sin^-]  x'}  dx' 
o  A 


k,  +  k„ 


=  Xo  ^  exP(~  y(k_xo)2[sin  0x-  (— ■ — -)  sin  |]2}  , 


and 


00 

1=1  exp{-2  tan2  (4>/2)  (— )2  -  (a  +  i<)z'}  dz' 

Z  f  X  i 

o  ° 


2/2  tan  (<J>/2) 


exp 


rf 

J[2/2  tan  (4)/2)J  j  (  2/2  tan  (<f>/2)  ) 


where 


K  =  (kj  -  k^)  cosy  -  k  cos  0 


Therefore,  when  *“^2  =  <fr/2  ,  Equation  (5.40)  becomes 

a  2  -ix  t 
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where 


Q 

For  <j)  =  0  ,  (0 ; cf))  gives  the  radiation  pattern  of  a  phased  line 

array.  The  parameter  which  controls  the  length  of  the  line  array  is 
.  When  cp  ^  0  ,  the  length  of  the  parametric  array  is  governed  not 
only  by  attenuation,  but  also  the  width  of  the  primaries  and  the  angle 
of  intersection.  The  latter  two  factors  are  represented  by  the  addi¬ 
tion  of  the  parameters  xq  and  (p  ,  respectively,  in  the  modified 

Q 

Westervelt  directivity  function,  D^(9;d>)  . 

o 

From  Equation  (5.42),  we  find  that  the  aperture  factor  is 
maximized  when 

sin  ex  =  (^4^)sin  |  ,  (5.44) 


and 


0=0. 

y 
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The  geometry  of  the  interaction  when  4> ^  =  —  4>  =  <J>/2  is  given  in 


Figure  25,  where  ^  denotes  the  angle  formed  by  k^  -  and  the  z 


axis.  Invoking  the  laws  of  sines  and  cosines  we  find  that 


,  £  .  .  -l 

ip  =  2  +  sin 


\/l  -  2(k1/k2 


sin  <p _ f 

)  cos  <p  +  (k  /k  )2 


(5.45) 
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Under  conditions  where  both  (p  and  ip  are  sufficiently  small  that  we 
need  only  retain  the  first  terms  in  the  expansions  of  the  trigonometric 
functions  in  Equation  (5.45),  we  obtain 


kl  +k2 


(5.46) 


Comparing  Equations  (5.44)  and  (5.46)  we  find  that  A  (0  ,0  ;<|>)  is 

u  x  y 


maximized  when 


9X  =  *  ’  6y  =  0  *  (5.47) 

i.e.,  in  the  direction  of  k  -  k  .  A  is  therefore  a  normalized 

L  £•  (j 

aperture  factor  in  the  sense  that  it  is  the  directivity  function  of 
a  difference-frequency  signal  radiated  by  a  source  defined  by 

p1(x,y,0)  p|(x,y,0)  .  (5.48) 

However,  when  4>  ^  0  we  cannot  decompose  the  parametric  array  into  a 
distribution  of  identical  virtual  sources  which  are  described  by 
Equation  (5.48),  as  was  done  in  Figure  5  for  collinear  interaction. 

The  reason  is,  of  course,  that  the  cross-sectional  area  of  the  array 


decreases  with  z  when  <J>  ?  0  .  Moreover,  is  the  directivity 

function  of  a  line  array  only  when  cf>=0. 

Q 

In  Figure  26  is  plotted  for  0^  =  0  and  6  =  0  to 

illustrate  the  effect  of  noncollinear  interaction  of  Gaussian  beams  in 
a  dispersionless  fluid.  The  parameters  used  in  Figure  26  are  similar 
to  those  used  in  Figure  22.  Except  for  the  absence  of  ripples  in  the 
directivity  patterns  for  noncollinear  interaction  of  Gaussian  beams, 
the  results  are  much  the  same  as  those  for  rectangular  beams.  There 
are  no  ripples  because  the  interaction  region  formed  by  Gaussian  beams 
is  theoretically  infinite  in  extent  even  when  0^0.  Referring  now 
to  Figure  27,  we  again  find  that  compensation  for  inherent  dispersion 
via  noncollinear  interaction  is  possible  only  when  6  <  0  .  In  Figure 
28,  where  attenuation  is  lower  than  that  in  Figure  27,  we  show  a  case 
where  the  improvement  is  about  2  dB  .  Thus,  for  Gaussian  as  well  as 
rectangular  primary  beams,  no  cases  were  found  where  noncollinear 
interaction  provides  any  compensation  for  the  inherent  dispersivity 
of  a  fluid  when  6  >  0  .  However,  when  6  <  0  and  improvement  is 
possible,  Gaussian  beams  yield  slightly  better  results  than  do 
rectangular  beams.  The  reason  appears  to  be  the  lack  of  abrupt 
boundaries  on  the  interaction  region  when  Gaussian  beams  are  used. 

We  now  offer  an  explanation  for  the  paradoxical  result  that 
compensation  for  inherent  dispersion  with  a  parametric  array  appears 
possible  via  noncollinear  interaction  only  when  6  <  0  ,  whereas  only 
when  6  >  0  can  there  be  resonant  interaction  within  the  interaction 
region.  Understanding  comes  from  consideration  of  differences  between 
plane-wave  interaction  and  radiation  from  a  parametric  array.  It  was 
demonstrated  in  the  previous  section  that  resonant  interaction  occurs 
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6X  -  deg 

Figure  26.  Difference-Frequency  Field  Directivity 
Pattern  Resulting  from  Noncollinear 
Interaction  of  Nondiffracting  Gaussian 
Primary  Beams  in  a  Dispersionless  Fluid 
(<j)1  =  <f>/2 ,  c P2  =  -<p/ 2 ,  ey  =  0,  ko/k_  =  10, 

k  x  =  5,  k  ./cl.  =  5000,  6=0). 
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Figure  28. 


Difference-Frequency  Field  Directivity 
Pattern  Resulting  from  Noncollinear 
Interaction  of  Nondiffracting  Gaussian 
Primary  Beams  in  a  Dispersive  Fluid 


(<t>,  =  <fr/2,  <t>9  =  9  =  0,  k/k  =  10, 

I  l  y  o  - 


k  x  =  5,  k  /ol  =  5000,  6  =  -0.003). 
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when  |k^  -  k  |  =  k  ,  and  that  the  direction  along  which  amplifica¬ 
tion  of  the  difference-frequency  signal  occurs  is  .  Since 

increasing  <j>  causes  |ic^  -  It  [  to  increase,  it  is  clear  that 
resonant  interaction  can  be  attained  in  this  fashion  only  when 
k^  -  k^  _<  k_  ,  i.e.,  when  6  0  .  We  should  expect  the  same 

principle  to  hold  for  the  parametric  array,  but  herein  lies  the 
difference.  In  Figure  21  we  see  that  the  interaction  region  is 
aligned  along  a  direction  given  approximately  by  (<j>^  +  <p^)/2  .  We 
therefore  consider  the  geometry  in  Figure  25,  where  the  interaction 
region  is  aligned  approximately  with  the  z  axis,  and  the  angle 
formed  by  k^  -  k^  and  the  interaction  region  is  approximately  iJj  , 
where  ip  is  defined  in  Equation  (5.45).  Such  a  configuration  is 
illustrated  in  Figure  29,  where  the  arrows  are  aligned  with  k^  -  lc 
to  represent  the  phasing  of  virtual  sources  within  the  interaction 
region.  The  difference-frequency  signal  is  amplified  along  the 
direction  of  k^  -  k^  within  the  interaction  region,  as  indicated  in 
Figure  29a.  However,  we  have  \p  ^  0  for  noncollinear  interaction, 
and  therefore  the  path  length  along  lt^  -  k^  is  governed  by  the  width 
of  the  interaction  region  and  the  angle  ip  .  In  general,  the  width 

of  the  interaction  region  is  no  more  than  a  few  difference-frequency 
wavelengths.  Also,  when  k^  -  k^  ,  \p  becomes  quite  large  for  even 
small  values  of  <f>  .  As  a  result,  the  path  length  along  k^  -  k2 
when  <J)  4  0  is  too  short  to  allow  effective  amplification  of  the 
difference-frequency  signal,  even  when  [ Ic^  -  |  ~k  within  the 

interaction  region.  We  now  consider  the  narrow  interaction  region 
depicted  in  Figure  29b.  If  the  width  of  the  array  is  ignored,  the 
interaction  region  may  be  interpreted  as  a  line  array  of  virtual 
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Figure  29.  Phasing  of  Virtual  Sources  Within  Wide  (a) 
and  Narrow  (b)  Interaction  Regions. 
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point  sources  whose  phasing  is  determined  by  the  component  of 
along  the  array;  i.e.  ,  |k^  -  k^  |  cosip  .  The  condition  for  phase 

matching  of  the  parametric  array  thus  becomes 

|kf  -  k^  j  cost p  =  k  .  (5.49) 

As  <})  increases,  the  quantity  |k^  -  k.^  |  cosip  decreases.  We  thus 
expect  phase  matching  for  a  narrow  array  to  be  possible  only  when 
k_^  -  _>  k  ,  i.e.  ,  when  6  _<  0  . 

The  question  then  arises  as  to  why  we  cannot  obtain  greater 
compensation  for  dispersion  via  noncollinear  interaction.  Equation 
(5.49)  holds  only  for  a  very  narrow  interaction  region.  If  both  the 
angle  ip  and  the  width  of  the  array  are  large,  the  virtual  sources 
in  any  cross  section  of  the  interaction  region  do  not  have  the  same 
phase,  and  the  phase-matching  condition  given  by  Equation  (5.49) 
becomes  invalid.  On  the  other  hand,  to  obtain  a  narrow  interaction 
region  requires  narrow  primaries.  However,  if  the  primaries  are 
narrow,  noncollinear  interaction  causes  the  length  of  the  array  to  be 
significantly  shortened.  Indeed,  we  found  that  only  for  very  small  cp 
when  6  <  0  is  there  any  improvement  in  the  farfield  radiation 
pattern.  Eventually,  gains  attained  by  phase  matching  via  non¬ 
collinear  interaction  are  compromised  by  shortening  of  the  interaction 
region. 

We  conclude  by  mentioning  some  results  reported  in  the  Soviet 
literature.  In  an  analytical  investigation  of  a  parametric  array 
formed  by  noncollinear  interaction  of  narrow,  nondiffracting  primary 

g 

beams  in  a  dispersive  fluid,  Kozyaev  and  Naugol'nykh  obtained  the 
directivity  function 


a„ 


F  (0)  = 


(5.50) 


a,p  +  i(|k^  -  |  cosy  -  k  cos0) 


where  y  is  the  angle  formed  by  k^  and  k^  -  k2  ,  and  0  is  the 

angle  formed  by  r  and  k^  .  They  assert  that  when  |it^  -  lt2  j  =  k_  > 

radiation  of  the  difference-frequency  signal  is  maximized  in  the 

direction  of  k^  -  ic^  ,  a  result  we  have  been  unable  to  verify  in 
our  analysis.  When  |k^  -  k^ |  cosy  =  k  ,  Equation  (5.50)  is  maximized 
when  0  =  0.  The  condition  -  le  |  cosy  =  k  is  the  same  as  that 

given  by  Equation  (5.49)  when  the  interaction  region  is  aligned  with 
k^  .  However,  the  results  in  this  section  do  not,  in  general,  support 
Equation  (5.50). 

A  somewhat  different  analysis  was  performed  by  Zverev  and 
Kalachev5^  in  their  investigation  of  the  scattering  of  sound  by 
sound.  They  considered  the  case  of  plane  waves  in  a  perfectly 
collimated  rectangular  beam  which,  after  propagating  a  distance  L  , 
encounter  an  acoustic  filter  which  is  opaque  for  the  primaries  but 
transparent  for  the  difference-frequency  signal.  Interacting  with 
the  rectangular  beam  is  a  plane  wave  whose  direction  of  propagation 
forms  an  angle  <p  with  that  of  the  beam.  Because  the  plane  wave 
completely  overlaps  the  rectangular  beam,  the  volume  of  the  inter¬ 
action  region  does  not  depend  on  <|>  .  If  we  ignore  attenuation  and 
assume  the  primaries  are  given  by 


PlU,y,z)  -  pQ1  rect(i)  rect  (  £  ) 


-ik^z 


P2(x,y,z)  =  pQ2  exp{-ik2x  sin4>  -  ik,,z  cos<})} 
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then  from  Equation  (5.27)  we  obtain,  for  ot^  =  0  ,  <J>^  =  0  ,  <J>2  =  4>  , 

and  0  <  z '  <  L  , 


Pjr’9x’0y) 


^-abp01P02 


-ik  r 


TOTPoCo 


V9> 


3  ;4»)  dJ(0;4>) 


(5.51) 


where 


sin  (k  a[sin 0 _  +  (k  /k_)  sin  <J>]  }  sin  (k  b  sin  0  ) 


^R^x’^y’^  k_a[sin@x+  (k^/k  )  sin  <j>] 


k  b  sin  0 


and 


D^(0;cj)) 


sin  {k_L,[sin2  (0/2)  +  (k^/k_)  sin2  (d>/ 2)  -  26]} 


k_L[sin2  (0/2)+  (k^/k_)  sinZ  (0/2)  -26] 


(5.52) 


(5.53) 


When  6=0,  Equation  (5.51)  becomes  functionally  equivalent  to  the 
result  obtained  by  Zverev  and  Kalachev, who  verified  Equation  (5.51) 
experimentally  for  dispersionless  fluids.  The  normalized  aperture 

-  k^  [see,  e.g.,  the 
discussion  of  Equation  (5.42)].  Here,  is  the  directivity 

function  of  a  line  array  of  length  L  .  From  Equation  (5.53)  we  find 
that  phase  matching  is  achieved  when 


k 


2 


k 


.  2 
sin 


=  26 


(5.54) 


Phase  matching  is  therefore  possibly  only  when  6^0. 
suppose  now  that  we  reverse  the  roles  of  the  primaries, 
the  rectangular  beam  carry  the  high  frequency,  u>^  ,  and 
wave  be  transmitted  at  the  lower  frequency,  u)„  . 


However, 

That  is,  let 
let  the  plane 


The  resulting  field 


is  then  the  same  as  that  given  by  Equation  (5.51),  except  that 
-(k^/k  )  replaces  (k^/k  )  in  both  Equations  (5.52)  and  (5.53). 
Now  the  condition  for  phase  matching  becomes 


k 


1 


k 


=  -26 


(5.55) 


and  therefore  phase  matching  is  now  possible  only  when  6  £  0  . 

The  difference  between  the  cases  represented  by  the  conditions 

given  in  Equation  (5.54)  and  (5.55)  is  that  in  the  former,  the 

interaction  region  is  aligned  with  k^  ,  whereas  in  the  latter,  it  is 

aligned  with  k^  .  Conditions  for  phase  matching  thus  follow  from  the 

discussion  relating  to  Figure  29b.  When  the  interaction  region  is 

~y  ~y 

aligned  with  k^  ,  an  increase  in  <j>  causes  the  component  of  k^  -  k^ 

along  the  array  to  increase.  Likewise,  when  the  interaction  region  is 

aligned  with  k^  ,  an  increase  in  $  causes  the  component  of  k^  -  k2 

along  the  array  to  decrease.  We  can  therefore  compensate  for  any  type 

of  inherent  dispersion  because  we  can  adjust  the  frequency  of  the  beam 
to  be  either  higher  or  lower  than  that  of  the  plane  wave.  Moreover, 
since  there  is  no  loss  of  volume  in  the  interaction  region  as  a  result 
of  noncollinear  interaction,  the  beam  can  be  made  arbitrarily  narrow 
to  ensure  that  satisfaction  of  the  phase-matching  conditions  given  by 
Equation^  (5.54)  and  (5.55)  yields  measurable  results.  Indeed,  one 
might  conceivably  use  such  an  arrangement  to  measure  dispersion  by  way 
of  the  directivity  function  in  Equation  (5.51).  If  attenuation  is 
sufficiently  high  to  terminate  the  beam,  then  Equation  (5.53)  must  be 
replaced  by 
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similar  adjustment  must  be  made  for  Equation  (5.52)  if  something 


CHAPTER  VI 


PARAMETRIC  ARRAYS  FORMED  BY  NONCOLLINEAR 
GAUSSIAN  PRIMARY  BEAMS 

In  this  chapter  we  consider  the  effects  of  diffraction  on 
noncollinear  interaction  of  the  primaries  by  resorting  once  again  to 
an  analysis  of  Gaussian  beams.  Solutions  shall  be  obtained  from  the 
nonlinear  paraxial  wave  equation,  Equation  (3.15),  whose  orientation 
is  along  the  z  axis.  We  justify  our  use  of  the  paraxial  wave 
equation  when  studying  noncollinear  interaction  by  requiring  that  the 
angles  formed  by  the  primaries  and  the  z  axis  be  small.  Our 
attention  here  is  restricted  to  angles  of  less  than  5°. 

For  completeness,  when  deriving  the  field  equations  in  Section  6.1, 
we  allow  both  and  to  be  nonzero,  where  (j  =  1,2)  is 

the  angle  formed  by  the  primary  beam  of  frequency  uk  and  the  z 
axis.  The  important  parameter  is,  of  course,  <p  ~  <p^~  <p^  ,  so  that  no 
loss  of  generality  results  if  either  <j>^  or  is  set  equal  to  zero. 

For  simplicity,  we  therefore  let  =  0  in  the  analysis  of  the 
difference-frequency  field  presented  in  Section  6.2. 

6. 1  Solutions  for  Primary  and  Secondary  Components 

As  discussed  in  Section  5.2,  to  steer  a  beam  at  an  angle  j) 
relative  to  the  z  axis  in  the  x-z  plane,  we  need  a  phase 
distribution  given  by  -kx  sinj>  at  the  source.  Because  4>  is 
assumed  small,  which  is  a  necessary  assumption  when  we  use  the 
paraxial  wave  equation,  we  may  replace  sintj)  by  its  argument  and 
rewrite  the  phase  distribution  at  the  source  as  -kx(J)  .  This 
substitution  is  consistent  with  the  approximation  made  when  the 
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farfield  of  Gaussian  beams  is  examined,  where  e  is  replaced  by  z6 

instead  of  z  tan0  .  Finally,  the  paraxial  wave  equation  does  not 

account  for  dispersion  in  the  x  and  y  directions,  and  therefore 

retaining  k  =  io/c  instead  of  U)/c  in  the  boundary  condition  is 
oj  o 

superfluous.  The  boundary  condition,  for  beams  steered  as  in 
Figure  21,  is  therefore 


P-(x,y,0)  -  p  exp 
J  '-'J 


'  (~ ^ /co[ 


(6.1) 


In  dimensionless  form,  Equation  (6.1)  becomes 


p .  (X,Y,0)  -  p„.  exp{-X2  -  Y2  -  i2fi.DX<j> . } 
J  Gj  J 


(6.2) 


The  dimensionless  variables  in  Equation  (6.2)  are  defined  in  Section 
3.3.  Inserting  Equation  (6.2)  into  Equation  (3.37),  we  thus  obtain 
for  the  primary  wave  fields 


p.(X,Y,Z)  =  pG.  r-_Tz/^  exp 


X2  +  Y2  +  i2ft.DX<J>.  -  ifi.D2Z(J)2 


1  -  iZ /fi. 


(6.3) 


We  now  examine  the  asymptotic  behavior  of  Equation  (6.3). 
the  nearfield  we  have,  in  dimensional  form, 


-a.z  <  /  x  -  z<f>.  \  „  i 

,.(x,y,z)  -  pGje  exp  j  -  ( - -  if~)  [ 


•  exp 


(  w. 

\  -  i  — J-  x<J) .  +  i 


u).z<p  2zc  „  „  i 

-  i  - r  (x2  +  y2)  ,  Z  «  1 


Note  the  similarity  between  the  amplitude  of  in  the  nearfield  and 

the  amplitude  given  by  Equation  (5.39)  for  nondiffracting  Gaussian 
beams.  Now,  the  equation  describing  a  plane  wave  which  travels  in  a 
direction  forming  an  angle  <j>  with  the  z  axis  is 


p(x,y,z,t)  =  exp{io).(t  -  —  sinij).  -  —  cos<j>.)} 

J  o  J  Co  J 

ico .  t '  co .  co . 

=  e  J  exp{-  i  — x  sinij)  +  i  —1  z  (1  -  cosd) . )  }  , 

c  j  c  1 

o  o  J 


(6.5) 


2  2 

where  t'  =  t  -  z/c  .  For  small  <p.  ,  (1  -  cosip.)  =  2sin  (cf> ,/2)  —  cJ)./2 

o  3  J  J  J 

and  sin<J)^  -  ,  whereby  Equation  (6.5)  reduces  to 


2 

ioo  t'  (  co  co  z<p>. 

p(x,y,z,t)  ~  e  ^  exp  j-i  — x<p .  +  i  ■  ^ 

*  Co  J  o 


(6.6) 


The  angular  dependence  of  Equation  (6.6)  is  the  same  as  that  exhibited 
by  the  first  two  phase  terms  in  Equation  (6.4).  In  the  paraxial 
nearfield,  Equation  (6.4)  thus  describes  a  plane  wave  propagating  in 
the  direction  of  4>_.  ,  as  required.  The  last  phase  term  in  Equation  (6.4) 
indicates  that  the  interpretation  of  the  nearfield  result  as  a  plane 
wave  is  valid,  at  best,  only  very  near  the  z  axis. 

As  in  Section  5.2,  we  let  x  =  z  tan6  and  y  =  z  tan6  ,  where 

x  J  y  ’ 

6^  and  0^  are  azimuthal  angles  in  the  x-z  and  y-z  planes, 
respectively.  In  the  paraxial  farfield  we  may  let  x  -  z8  and 


where  the  azimuthal  angles  satisfy  the  relation 


2  2  2 

e  +  e  =  9 

x  y 


Equation  (6,3)  thus  becomes 


p .  (0  ,0  ,Z)  ~  ift.P..  exp{-^D2[(6  -  4>.)2  +  Q2]  -  ifi.D2Z02} 

jxy  jGjZ  j  x  j  y  ! 


Z  »  1 


We  see  that  maximum  radiation  occurs  in  the  direction  where  0  = 

x  j 

2  2 

and  0^  =  0  ,  as  expected.  The  phase  term  -i£\.D  ^0  is  a 
manifestation  of  spherically  spreading  wave  fronts  (see  Figure  8). 

We  now  derive  solutions  for  the  sum-  and  difference-frequency 
fields.  It  is  helpful  if,  first.  Equation  (3.44)  is  rewritten  as 


P+ (X, Y , Z)  =  - 


s  «:■*/ 1 


-a;(Z  -  Z') 


Q+(X',Y’,Z') 


Z  -  Z' 


-in±  r 


(X  -  x')2  +  (Y  -  Y')2 


Z  -  Z' 


dX'dY'dZ'  , 


where 


Q±(X,Y,Z)  =  Pl(X,Y,Z)  ' ( X , Y , Z )  . 


As  usual,  (*)  indicates  that  the  complex  conjugate  applies  only  for 
the  difference-frequency  field.  After  a  great  deal  of  algebra  to 
complete  the  square  in  X  ,  we  obtain 
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.p  _  i  . 

Qi(X’Y’Z>  =  7^-iZ)i2TW  exp|-(a^(  ))Z+f±(Z) 


2B  G  *ifl+Z  [7  ifijD(J)  (n  *iZ)ii(2yD<t>  (Q  - 
Trizm2iiz)  [(x  + - ~ 


where  „  „  „ 

2  2  2  2  2  2 

ifl.D  4»,Z  (j>,Z 

f  (7)  =  - - - —  +  _ - _ — 

±K  ’  Ql  -  iz  *  8  *  iz 

t  iz)  ±  (n  -  iz)]2 


(fij  -  iz)(n2  *  iz) (2^1^2  *  i(2+Z) 

We  therefore  find  that  the  integrals  over  X'  and  Y'  in 
Equation  (6.10)  are  simply  convolutions  of  Gaussian  functions. 
Combining  Equations  (6.10)  and  (6.11),  and  replacing  Z'  by  n 
can  reduce  the  field  integral  to 


2  a±2  f  1 

>±(X,Y,Z)  =  P^e  I  exp  \  _aj  rl+f+(n) 


2^i^2^‘^+r'  \L.  ifi2D4)  ^  (^^irOii^Dc^  Wj.”  in)\2  ..2 


A ,+B ,  n 


2U^2;fin+ri 


d 


a  ,  +b  ,  n 


=  (2^2^  “  i 


fZ+i(2 


Attenuation  and  dispersion  are  again  combined  in  the  factor 


-  i2S+ft+D 


2 


(6.16) 


where 


and 


=  aT  Zo  =  (al  +  “2  ’  a±)Zo 


+  + 


k1  ±  k? 

6±  =  1  -  ~ k~ . . 


The  normalized  pressure  coefficient  is  given  as  in  Chapter  IV  by 


P 

o 


gpGlPG2 


P  c 
o  o 


(6.17) 


Finally,  noting  that  for  large  Z  , 


1 

a±  +  B±n 


ift±  ^ 

257^2  T  ifi+n  Z 


Z  »  1  , 


and  using  Equation  (6.7),  we  find  that  the  farfield  asymptotic  form  of 
Equation  (6.13)  is  given  by 


-a|Z 


p .  (9  ,0  ,Z)  ~  -JLft-fiVp  ^-= —  exp{-Q?D202-i^D2Z62} 
±  x  y  12±oZ  ±  ± 


C  (  22  Vi2^ 

J  exp  j-a^n+f±(n)+^1Q2fi±D  0 


ft24>  (fl *in)±A ,(« ,-in) 

+  2« .  D  0  -LJ : — Z  0  *  — - - 

±  x  2n^n2^i^+ri 


dn 


2n1n2Tin+n 


,  z  -*■»  . 


(6.18) 
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6.2  Difference-Frequency  Field 

Without  loss  of  generality,  we  let  the  primary  beam  of  frequency 
^2  be  aligned  with  the  z  axis  (i.e.,  <}>2  =  0  ) .  For  =  <J>  >  as 

depicted  in  Figure  30,  Equation  (6.13)  thus  reduces  to 


p_(X,Y,Z)=ifi1«2^_D  PQe 
2Q 


-a  Z  C  {  ift.D 

5  J  exp 


2„2.2 

4>  n 


^D2<f2(^2+in) 


—in  (fi^-in)  (2fi^2+iO_n) 


1n2+in_n  [/  ift2D4>(fi2+in)y  2^ 

A  +B  n  \X  +  2fiin2+i(2_n  )  +  Y  ) 


dm 


a  +b  n 


(6.19) 


where 

A--!W1  -  ‘ST21 


and 


B 


Z  + 


J2^2 

n 


As  in  Section  4.2,  we  have  let  c  =  c  ,  and  therefore  a'  =  a  .  The 

o  - 

subscripts  on  a^  and  6  have  again  been  omitted,  where  it  is  under¬ 
stood  that 


where 


aT  -  i26fi_D 


■  “l  +  a2 


a 


and 


6  =  1 
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Without  making  approximations,  we  have  not  been  able  to 
integrate  Equation  (6.19)  analytically.  Moreover,  there  appears  to  be 
no  particular  direction  along  which  Equation  (6.19)  can  be  simplified 
when  <j>  /  0  .  We  therefore  begin  by  integrating  Equation  (6.19) 
numerically  and  investigating  the  difference-frequency  pressure  field 
via  three-dimensional  plots  of  the  field  in  the  x-z  plane. 
Representative  plots  for  a  dispersionless  fluid  are  presented  in 
Figure  31,  where  Y  =  0  and  cj>  =  0° ,  2°,  and  4°.  The 

significant  effects  of  noncollinear  interaction  are  an  overall 
attenuation  of  the  pressure  amplitude  and  a  shift  in  the  direction 
of  maximum  radiation.  Note  that  when  <p  4  0  ,  there  are  no  oscilla¬ 
tions  in  the  amplitude  of  the  field.  Based  on  the  analysis  in 
Section  5.1,  oscillations  might  be  expected  as  a  result  of  noncollinear 
interaction.  The  slight  irregular  behavior  of  the  amplitude  near  the 
origin  in  Figures  31b  and  31c  is  due  to  an  inadequacy  in  the  number  of 
points  evaluated.  Recall  from  Section  5.1  that  spatial  oscillations 

occur  along  the  direction  of  k^  -  .  However,  when  <J>  is 

sufficiently  large  that  the  period  of  the  spatial  oscillations  is  on 

the  order  of  the  length  of  the  interaction  region,  the  angle  formed  by 
->•  ~y 

k^  -  k^  and  the  direction  of  the  array  is  so  large  that  the  oscilla¬ 
tions  go  unnoticed. 

A  somewhat  better  perspective  on  the  effects  of  noncollinear 
interaction  is  gained  by  examination  of  the  farfield  asymptotic  form 
of  Equation  (6.19).  For  <p^  =  (p  and  <p^  =  0  ,  Equation  (6.18) 
becomes 
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Figure  31.  Difference-Frequency  Pressure  Field  in  the  x-z  Plane 
Resulting  from  Noncollinear  Interaction  of  Gaussian 
Beams  in  a  Dispersionless  Fluid  (fi  =  0.1  ,  D  =  30  , 


=  0.1 


6=0 


4»j  =  * 


-a_z 

r\  rt  2  2  2  9  2 

P  (e  ,e  ,z)~-ft.n.n  d  p  ^-= —  exP{-n  d  e  -m  D“ze  } 

-  x  y  1  2  -  o  Z 


2„2A2 
4>  n 


/(  liljD'  <p  ' 

exp|-aTn  +  -T^T 


4  2  2 

fijD  (J>  («2+in) 
(ft^i'n)  (2fi1^2+ifi_n) 


+  2^n_D24)e 


2  2 

it— — TTo —  +  ft.ILft  D  6  _n 
x  2fi^2+ifi  n  1  2  -  2ft 


ft_-i2p  i 
l^ft2+ift  H  (  2ft^ 


dn 


),ft2+ift  n  ’ 


Z  -*<*>  . 


(6.20) 


As  shown  in  Appendix  G,  for  an  absorption-limited  array  where 
ft^  -  fl  ,  Equation  (6.20)  reduces  to 


ft2D2P  a-Z  exp(-(fi2D2/2)[(0  -(ft  /ft  )<J>)2+02]-ift  D2Z62} 

p_(0  0  Z) - f— °-^ - = - ^ - 2 - 1 - 

y  T  l+i(ft  D  /a_)(6  -$6  +6  -26) 

T  x  x  y 

Z  ->  <»  ,  2aT/ft  »  1  .  (6.21) 

For  collinear  interaction,  Equation  (6.21)  reduces  to  Equation  (4.39). 

The  aperture  factor  in  the  numerator  of  Equation  (6.21)  is 
maximized  when 


0 

x 


“l  * 

uT  ^ 


9=0. 

y 


(6.22) 


Now  the  angle  'F  in  Figure  30  is  given  by 


which  for  small  <p  and  4*  reduces  to 


V  =  ^  <j>  .  (6.23) 

Comparing  Equations  (6.22)  and  (6.23),  we  find  that  the  aperture  factor 
is  maximized  when 


9-4'  ,  9=0 

x  y 


The  maximum  therefore  occurs  in  the  approximate  direction  of  . 

The  same  result  was  obtained  in  Section  5.2  for  an  array  formed  by 
nondiffracting  Gaussian  beams. 

The  modified  Westervelt  directivity  function  in  Equation  (6.21) 
is  given,  in  the  x-z  plane  (i.e.,  0^  =  0  )  ,  by 


,0;<[>)  =  - j - ^~~2 - 

'  1  +  i(Q_DZ/aT)(0^  -  (J»ex  -  26) 


(6.24) 


Equation  (6.24)  is  maximized  when 

02  -  <j>0  -  26  =  0 

X  X 


(6.25) 


The  value  of  0^  which  satisfies  Equation  (6.25)  is 

0x  =  y  [<P  +/< i>  +  86] 


(6.26) 


Q 

In  .i  dispersionless  fluid,  where  6  =  0,  D  (0  ,0;<J>)  possesses  two 

0  X 

■  i  •  ! no ,  one  at  0  =  0  and  the  other  at  0  -  d>  .  That  is,  the 

x  x  Y 

i  'oincide  with  the  directions  of  the  primary  beams.  When  tne 


2  Q 

discriminant  $  +86  is  positive,  D^CQ^.OjcJ))  always  possesses  two 

maxima.  The  two  peaks  merge  into  one  when  the  discriminant  is  zero. 

For  negative  values  of  the  discriminant,  the  maximum  decreases  in 
2 

amplitude  as  (<J>  +  86)  becomes  increasingly  negative.  By  comparison 

with  our  results  for  collinear  interaction  in  dispersive  fluids,  we 

see  that  the  combined  effects  of  geometric  and  inherent  dispersion 

2 

resemble  normal  dispersion  when  $  +  86  >  0  ,  and  resemble  anomalous 

2 

dispersion  when  <p  +  86  <  0  .  In  this  context,  we  are  led  to  conclude 

2 

that  phase  matching  is  accomplished  only  when  (p  +  86  =  0  ,  i.e. ,  when 

< p  =  /-8<5  .  (6.27) 

The  result  is  again  obtained  that  phase  matching  is  possible  with  the 
parametric  array  only  when  6  _<  0  .  We  note  that  solving  the  phase¬ 
matching  condition  given  in  Equation  (5.49)  yields  a  value  for  (j) 
whi  agrees  with  Equation  (6.27)  tc  within  half  of  one  percent  for 
-0.01  £  6  _<  0  .  The  discussion  in  Section  5.2  of  radiation  from  the 
interaction  region  is  therefore  supported  by  Equation  (6.21). 

As  we  found  in  Section  5.2,  satisfaction  of  phase  matching 
conditions  by  no  means  ensures  that  noncollinear  interaction  can  be 
used  to  compensate  for  dispersion.  The  reason  is  that  a  price  is  paid 
for  noncollinear  interaction  in  that  the  length  of  the  interaction 
region  is  shortened.  Detrimental  effects  due  to  shortening  of  the 
interaction  region  are  manifested  through  the  combination  of  the 

G 

aperture  factor  in  Equation  (6.21)  and  D^(0  ,0;<{))  .  When  the  phase 
matching  condition  given  by  Equation  (6.27)  is  satisfied,  we  find 

G 

from  Equation  (6.26)  that  Dc(0  ,0;<p)  is  maximized  when  0  =  <pl 2  , 

OX  X 


whereas  the  aperture  factor  is  maximized  when  9  =  (fl,  /Q  )d>  .  The 

x  1  - 

results  in  Chapter  IV  indicate  that  for  high  absorption,  where 
Equation  (6.21)  is  applicable,  it  is  unlikely  that  the  effects  of 
dispersion  are  noticeable  when  |6|  <  0.001  .  As  an  example,  we  thus 
let  6  =  -0.001  ,  for  which  the  phase  matching  angle  is  found  from 

Q 

Equation  (6.27)  to  be  <f>  -  5°  .  *0;<|>)  is  then  maximized  when 

©x  -  2.5°  ,  but  if  =  0.1  ,  the  aperture  factor  is  maximized  when 
0^  -  50°  .  Unless  the  maxima  of  both  D^(0x,O;<j>)  and  the  aperture 
factor  coincide,  the  farfield  pressure  does  not  benefit  from  phase 
matching.  The  two  contributions  to  the  directivity  function  therefore 
compete  in  such  a  way  that  no  significant  compensation  for  dispersion 
can  be  attained  by  noncollinear  interaction  with  an  absorption-limited 
array. 

As  shown  in  Appendix  H,  Equation  (6.20)  reduces  for  a 
diffraction-limited  array  to 

-a_z 

p  (0  ,9  , Z)  ~  if)  D2P  — - —  exp{-i2a'/fi  }  E  {-i2a'/fi_} 

_  x  y  ***  o  z.  x  x  x 

•  exp{-ft2D2[(0x  -  <J>)2  +  02]  -  fi2D202  -  iil_D2Z02}  , 

Z ->-co  ,  1 2a^,/fi  |  <<  1  .  (6.28) 

When  <p  =  0  ,  Equation  (6.28)  reduces  to  Equation  (4.45).  Again,  the 
directivity  function  of  a  diffraction-limited  array  is  given  by  the 
product  of  the  primary-beam  directivity  functions.  When  <j>  ^  0  ,  the 
direction  of  maximum  radiation  is  shifted  off  axis,  and  the  maximum 
pressure  level  is  always  less  than  that  which  occurs  when  <J>  =  0  . 


Therefore,  under  no  conditions  should  we  expect  to  compensate  for 
dispersion  by  noncollinear  interaction  with  a  diffraction-limited 
array. 

As  in  Section  4.3,  we  need  to  define  a  directivity  function  for 
the  difference-frequency  field.  For  collinear  interaction,  we 
referred  the  pressure  to  that  which  occurs  on  axis  in  the  absence  of 
dispersion  [see  Equation  (4.48)3.  Here  a  similar  ratio  is  employed, 
where  the  reference  pressure  on  axis  in  the  absence  of  dispersion  is 
that  which  occurs  when  <J>  =  0  : 


lim 
Z  -*■  00 


P_(9x»0  »Z;S,4>) 
p  (0,0,Z;0,0) 


(6.29) 


We  therefore  have  for  the  two  limiting  cases 


exp{-((22D2/2)[(9  -(fl  Am)2+02]-ift_D2Z02} 
_ ~ _ x  i  ~ _ y_ _ _ _ 

l+i(8  D2/a  )  ( 8 2— cj>0  +02-26) 

-  T  x  x  y 


,  2aT/fi_  »  1  , 


-  exp{-fi2D2[(0x-(t))2+02]-fi2D282-iQ_D2Z02}  ,  |  2a^/(2 _|  «  1 


The  effect  of  noncollinear  interaction  in  a  dispersionless 
fluid  on  the  farfield  of  the  difference-frequency  signal  is  shown  in 
Figure  32.  Discussion  is  restricted  to  directivity  patterns  for  the 
x-z  plane  because  <j>  does  not  affect  the  dependence  of  the 
directivity  function  on  9^  .  Comparing  Figure  32  with  Figure  26, 
we  find  that  diffraction  of  the  primary  beams  causes  the  difference- 
frequency  field  to  be  far  less  sensitive  to  variations  in  <j>  than 
when  the  primaries  do  not  experience  diffraction.  When  there  is  no 
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Figure  32.  Difference-Frequency  Field  Directivity  Pattern 
Resulting  from  Noncollinear  Interaction  of 
Gaussian  Beams  in  a  Dispersionless  Fluid 
(fi_  =  0.1,  D  =  30,  6_  =  0,  <J>1  =  <j>,  <p2  =  0). 
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diffraction,  noncollinear  interaction  produces  significant  shortening 
of  the  interaction  region.  Reduction  of  the  interaction  length 
diminishes  the  amplitude  of  the  difference-frequency  field.  Because 
of  diffraction,  the  width  of  the  interaction  region  increases  with 
distance,  and  therefore  the  amount  by  which  the  array  is  shortened  as 
a  result  of  noncollinear  interaction  is  curtailed. 

For  a  fixed  nonzero  value  of  <p  ,  the  direction  of  maximum 
radiation  is  shifted  farther  off  axis  as  the  absorption  is  increased. 
For  low  absorption,  we  find  from  Equation  (6.28)  that  the  difference- 
frequency  signal  is  maximized  at  0^  -  (j)/2  ,  i.e.,  at  an  angle  half  way 
between  the  maxima  of  the  two  primary  beams.  As  absorption  increases, 
the  aperture  factor  in  Equation  (6.21)  dominates  the  directivity 
function,  and  the  direction  of  radiation  of  the  difference-frequency 
signal  thus  tends  toward  that  of  ,  i.e. ,  in  Figure  30. 

Presented  in  Figure  33  are  results  that  are  representative  of 
the  effect  of  noncollinear  interaction  in  a  dispersive  fluid.  For  no 
combination  of  parameters  did  we  observe  any  compensation  for 
dispersion  as  a  result  of  noncollinear  interaction.  Recall  from 
Section  5.2  that  for  nondiffracting  primaries,  slight  compensation 
is  possible  when  6  <  0  .  To  obtain  compensation  requires  that  the 
interaction  region  be  very  narrow,  a  condition  which  is  difficult  to 
maintain  when  the  primary  beams  experience  diffraction. 

In  Section  5.1  we  found  that  compensation  for  dispersion  in 
plane-wave  interaction  can  be  achieved  when  “  ^2  <  hy  having 
the  waves  intersect  at  an  angle  for  which  k^  -  k£  =  k  is  satisfied. 
This  method  for  phase  matching  of  the  difference-frequency  signal  does 
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Figure  33.  Dif ference-Frequenc.y  Field  Directivity  Pattern  Resulting 

from  Noncollinear  Interaction  of  Gaussian  Beams  in  a 
Dispersive  Fluid  (fi  =  0.1,  D  =  30,  a  =  0.1,  <j>.  =  <J>, 

4>2  =  0). 
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not  work  for  the  parametric  array  because  of  the  narrowness  of  the 
interaction  region.  When  -  k^  ,  k^  -  k ^  is  therefore  not 
aligned  with  the  interaction  region.  However,  the  vector  sum  k^  +  k^ 
is  always  aligned  with  the  interaction  region.  Now,  the  phase-matching 
condition  for  the  sum  frequency  is 

k^  +  k2  =  £+  ,  (6.30) 


which  is  satisfied  when  the  angle  between  the  primaries  is  given  by 


<f>  =2  sin 

o 


-1 


J 


(kl  +  k2)2  _  k+ 


(6.31) 


We  might  therefore  expect  compensation  for  the  effects  of  dispersion 
on  sum-frequency  generation  to  be  possible  for  k^  +  >  k+  when  <b 

is  given  by  Equation  (6.31).  Preliminary  results  obtained  from 
Equation  (6.18)  for  the  sum  frequency  do  not  indicate  that  compensation 
is  possible.  Because  of  time  constraints,  however,  further  investi¬ 
gation  of  this  matter  is  necessary,  because  these  results  are,  as  yet, 
inconclusive. 

In  conclusion,  it  appears  that  noncollinear  interaction  of 
Gaussian  beams  cannot  be  used  as  a  means  of  offsetting  the  detrimental 
effects  of  dispersion  on  generation  of  the  difference-frequency  signal. 
For  F  >  0  ,  compensation  for  the  effects  of  dispersion  in  infinite 
plane-wave  interaction  is  achieved  when  [k^  -  k^j  =  k_  .  In  Section 


5.2,  it  was  found  that  noncollinear  interaction  of  highly  collimated 
plane  waves  can  be  used  to  slight  advantage  when  6  <  0  .  Gaussian 
beams  seem  to  fall  somewhere  in  between.  The  interaction  region  is 


too  narrow  to  approximate  infinite  plane  waves,  yet  spreading 
prohibits  the  beam  from  approximating  highly  collimated  plane  waves. 
In  the  event  that  the  primaries  are  made  so  wide  that  the  plane-wave 
case  is  approached,  the  purpose  of  the  parametric  array  is  defeated, 
that  is,  the  difference-frequency  signal  is  no  longer  radiated  in  a 
narrow  beam.  On  the  other  hand,  should  the  primaries  be  sufficiently 
narrow  that  the  highly  collimated  plane-wave  case  is  approached,  the 
benefit  obtained  from  noncollinear  interaction  when  6  <  0  is  still 


very  small. 


CHAPTER  VII 


CONCLUSION 


The  original  motivation  for  this  investigation  was  to  seek 
conditions  for  enhancing  the  efficiency  of  the  parametric  array. ^ 

The  idea  was  to  employ  dispersive  wave  filtering,  as  suggested  by 
Zabolotskaya  and  Soluyan^  and  discussed  in  Chapter  I,  to  reduce  energy 
transfer  from  the  primaries  to  all  components  except  the  difference- 
frequency  signal,  and  thus  improve  the  efficiency  of  generation  of  the 
difference-frequency  sound.  When  there  is  dispersion,  the  difference- 
frequency  component  is  adversely  affected  as  well  as  the  other  non- 
linearly  generated  components.  However,  it  is  well  known  that  for 
plane-wave  interaction,  the  detrimental  effects  on  the  difference- 
frequency  signal  may  be  compensated  by  making  the  primary  fields 
noncollinear .  In  particular,  the  angle  should  be  chosen  so  that 
kj  -  ~  k_  ,  where  k^  is  the  wave  vector  for  the  plane  wave  of 

frequency  uk  . 

The  first  part  of  this  thesis  is  devoted  to  an  investigation  of 
the  effect  of  dispersion  on  parametric  arrays  formed  by  collinearly  in¬ 
teracting  primary  beams.  There  we  note  that  dispersion  causes  the 
difference-frequency  field  to  experience  spatial  oscillations  within 
the  interaction  region.  The  spatial  frequency  of  the  oscillations 
increases  with  |6|  ,  where  6=1-  (k^  -  k^)/k  is  the  dispersion 
parameter.  Diffraction  of  the  primary  beams  also  introduces  slight 
phase  mismatching,  which  affects  the  locations  of  the  maxima  and 
minima  of  the  spatial  oscillations.  In  particular,  we  find  that  in 
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the  absence  of  dispersion,  the  phase  speed  of  the  lower-frequency 
primary  is  slightly  greater  than  that  of  the  higher-frequency  primary 
within  the  paraxial  region  of  Gaussian  primary  beams.  This  supports 
our  result  that  the  phase  mismatch  caused  by  diffraction  can  be  offset 
by  dispersion  provided  6  has  a  certain  positive  value.  This  con¬ 
clusion  contradicts  that  of  both  Karamzin,  Sukhorukov,  and 
Sukhorukova,  and  Novikov,  who  find  that  a  negative  value  of  6  is 
necessary.  Given  (by  convention) ,  Cj  >  >  c  means  that 

<$  is  positive,  while  c^  £  c?  <  c  means  that  6  is  negative. 

7 

Moreover,  whereas  it  has  been  suggested  that  the  efficiency  of  the 
parametric  array  can  be  improved  by  offsetting  the  phase  mismatch 
caused  by  diffraction,  we  find  that  the  improvement  is  very  small.  For 
example,  for  Gaussian  beams  the  maximum  gain  on  axis  is  never  more  than 
0.5  dB. 

Dispersion  also  significantly  affects  the  farfield  radiation 

pattern.  For  an  absorption-limited  parametric  array,  where  nonlinear 

interaction  is  restricted  to  the  nearfield  of  the  primaries,  the 

directivity  function  may  be  written  as  the  product  of  an  aperture 

W 

factor  A(9)  and  a  modified  Westervelt  airectivity  function  D^CB)  • 

The  aperture  factor,  which  depends  on  the  cross-sectional  shape  of  the 
primary  beams,  not  on  dispersion,  is  a  weak  function  of  0  throughout 
the  paraxial  region.  The  directivity  function  is  thus  determined 
primarily  by  D^(0)  .  The  Westervelt  function  gives  the  radiation 
pattern  of  a  line  array  whose  phasing  depends  on  5  .  When  5=0, 
the  interaction  region  behaves  as  an  end-fire  array.  For  other  values 
of  5  the  radiation  behaves  like  that  from  bending  waves  on  an  infinite 


plate.  The  case  6  >  0  corresponds  to  supersonic  motion  of  the  bending 
waves  and  6  <  0  to  subsonic  motion.  When  6  >  0  ,  the  direction  of 
maximum  radiation  is  shifted  off  axis  to  the  angle  cos  ^(1-6)  , 
whereas  when  6  <  0  ,  radiation  from  the  interaction  region  is  of  an 
evanescent  nature,  and  the  maximum,  although  diminished  in  amplitude, 
remains  on  axis.  In  both  cases,  dispersion  causes  the  beamwidth  to  in¬ 
crease.  Half-power  angles  for  an  absorption-limited  array  are  given 
in  Equation  (2.37). 

What  are  the  prospects  of  observing  these  effects  in  practice? 

The  striking  effects  of  dispersion  mentioned  above  occur  only  when 
1 6 1  >  ct^,/k_  ,  where  a^,  =  -  a  is  the  combined  attenuation 

coefficient.  This  condition  seems  to  exclude  most  common  acoustical 
media  because  it  requires,  in  effect,  strong  dispersion  and  weak 
attenuation.  For  example,  ordinary  relaxing  fluids  have  very  small 
dispersion  and  large  attenuation.  Inhomogeneous  fluids  hold  more  promise. 
Bubbly  water  is  perhaps  the  most  readily  available  medium  which  combines 
strong  dispersion  with  low  attenuation.  Another  possibility  is  liquid¬ 
like  viscoelastic  solids  of  low  shear  modulus,  for  which  dispersion  is 
controlled  by  distributed  inhomogeneities  such  as  gas  bubbles. 

For  the  most  part,  dispersion  affects  the  parametric  array  only 
in  an  adverse  sense.  That  is,  excluding  compensation  for  the  slight 
phase  mismatch  caused  by  diffraction,  dispersion  produces  lower  far- 
field  levels  and  wider  beam  patterns.  Conceivably,  an  understanding 
of  the  effect  of  dispersion  on  the  parametric  array  may  be  used  to 
evaluate  various  dispersion  parameters  in  strongly  dispersive  fluids. 

The  second  part  of  this  thesis  is  an  investigation  of  parametric 
arrays  formed  by  noncollinear  interaction.  Specifically,  we  examine 


conditions  for  which  it  may  be  possible  to  compensate  for  the  effects 


of  dispersion  on  the  difference-frequency  signal.  Within  the  inter¬ 
action  region,  phase  matching  occurs  at  the  angle  of  intersection 

—y 

defined  by  =  k_  .  This  condition  can  be  satisfied  only  if 

o  >  0  .  For  noncollinear  interaction,  however,  k^  -  k ^  is  not  aligned 
along  the  length  of  the  interaction  region.  In  fact,  when  k^  -  k^  , 
k^  -  k^  can  form  a  very  large  angle  with  the  array  for  even  small 
angles  formed  by  the  two  primaries.  Therefore,  since  the  difference- 


frequency  signal  is  amplified  along  the  direction  of  k^  -  k£  ,  the 
interaction  length  is  significantly  reduced  when  narrow  primary  beams 
interact  noncollinearly .  If  the  primaries  are  sufficiently  wide  that 
efficient  amplification  is  possible  for  noncollinear  interaction,  the 
purpose  of  the  parametric  array  is  defeated.  In  other  words,  one  no 
longer  obtains  a  narrow  directivity  pattern.  On  the  other  hand,  for  a 
parametric  array  formed  by  highly  collimated  plane  waves,  compensation 
for  the  effect  of  dispersion  on  the  farfield  radiation  is  impossible 
when  6  >  0  ,  whereas  small  compensation  can  occur  when  6  <  0  .  Now 
the  interaction  region  behaves  as  a  line  array  whose  phasing  is  given 


by  the  projection  of  k^  -  k^  along  its  length.  Theoretically,  phase 

—V  — V 

matching  then  occurs  when  the  component  of  k^  -  k?  along  the  array 
matches  k  .  The  angle  between  the  primary  beams  at  which  this  occurs 
is  approximately  /-8<5  radians.  The  price  paid  for  noncollinear 
interaction  of  narrow  primaries  is  significant  shortening  of  the  array. 
Therefore,  only  for  very  small  angles  of  intersection  does  noncollinear 
interaction  ever  improve  the  farfield  radiation.  Because  of  spreading, 
a  parametric  array  formed  by  (Jaussian  primary  beams  is  far  less  sensitive 
to  noncollinear  interaction  than  is  one  formed  by  collimated  plane  waves. 
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For  the  same  reason,  there  appears  to  be  no  advantage  resulting  from 
noncollinear  interaction  of  Gaussian  beams. 

Generation  of  the  sum-frequency  component  poses  a  somewhat 
different  situation.  Whereas  k^  -  is  not  aligned  with  the  inter- 
action  region  in  the  case  of  noncollinear  interaction,  always 

appears  to  be  properly  aligned.  One  might  therefore  expect  compensation 
for  the  effect  of  dispersion  on  the  sum-frequency  signal  to  be  possible 
under  certain  conditions.  Because  of  a  lack  of  time,  our  results 
concerning  phase  matching  for  the  sum-frequency  signal  via  noncollinear 
interaction  are  inconclusive,  and  further  work  in  this  area  is  necessary 

In  summary,  this  thesis  provides  a  detailed  analysis  of  the 
effect  of  dispersion  on  the  parametric  array,  as  well  as  an  investiga¬ 
tion  of  what  happens  when  the  primaries  interact  noncollinear ly . 
Specifically,  solutions  are  given  for  the  difference-frequency  com¬ 
ponents  generated  by  weak  collinear  and  noncollinear  interaction  of 
Gaussian  beams  in  a  dispersive  fluid.  In  addition,  solutions  are 
obtained  for  sum-frequency  and  second-harmonic  components.  By  way  of 
the  transformation  in  Appendix  C,  the  solutions  for  collinear  inter¬ 
action  approximate  the  paraxial  region  of  fields  resulting  from 
primaries  which  are  radiated  by  a  uniformly  excited  circular  piston. 

The  results  of  the  transformation  are  compared  with  data  obtained  from 
parametric  arrays  formed  in  water,  where  the  dispersion  is  negligible. 

A  potentially  fruitful  avenue  for  future  research  might  be  to 
investigate  ways  of  improving  the  conditions  that  result  from  non¬ 
collinear  interaction.  For  example,  a  way  to  keep  the  difference- 
frequency  signal  within  the  interaction  region  as  it  propagates  along 
the  direction  of  k.  -  k  is  to  confine  the  array  within  a  waveguide. 


In  fact,  two  parallel  plane  interfaces,  separated  by  a  distance  less 
than  the  width  of  the  primaries,  provide  the  appropriate  boundaries 
if  the  beams  intersect  in  a  plane  that  is  perpendicular  to  the  inter¬ 
faces.  Such  a  configuration  may  be  exploited,  for  example,  in  a  shallow 
water  channel  or  other  suitably  layered  media.  Preliminary  analyses  by 
Ostrovskii  and  Papilova^  and  Yeager^  have  considered  nonlinear 
interaction  of  modes  in  waveguides.  A  possible  course  of  study  is  to 
extend  these  analyses  and  calculate  the  difference-frequency  field 
resulting  from  noncollinear  interaction  of  Gaussian  beams  in  a  wave¬ 
guide.  Results  may  then  be  compared  with  those  obtained  in  this  thesis. 
Because  significant  compensation  for  the  effects  of  dispersion  should 
be  attainable  with  the  use  of  a  waveguide,  more  efficient  amplification 
of  the  difference-frequency  signal  may  be  possible  as  a  result  of  dis¬ 
persive  wave  filtering.  However,  evaluation  of  the  increase  in 
efficiency,  as  well  as  extension  of  the  analysis  to  strong  nonlinear 
interactions,  requires  that  all  spectral  components  generated  by  the 
interaction  be  considered.  The  analysis  then  requires  numerical 
solution  of  the  nonlinear  wave  equation. 


APPENDIX  A 

EIGENFUNCTIONS  OF  THE  PARAXIAL  WAVE 
EQUATION  FOR  AXISYMMETRIC  RADIATION 

As  in  Chapter  III,  here  we  shall  obtain  a  solution  of  the 

nonlinear  paraxial  wave  equation.  Equation  (3.15),  for  both  the  sum- 

and  difference- frequency  fields  by  the  method  of  successive 

approximations.  However,  we  now  assume  that  the  field  is 

axisymmetric ,  and  therefore  the  pressure  depends  only  on  the 

2  2  2 

coordinate  pair  (£,2)  ,  where  e  =  x  +  y  .  We  again  begin  by 
deriving  the  Green's  function,  g^  ,  for  Equation  (3.15),  after  which 
we  shall  obtain  the  eigenfunctions  for  the  linearized  paraxial  wave 
equation.  For  axisymmetric  fields,  the  Green's  function  problem 
becomes 


9g  ic„ 

-~+  (a'  +  ~  V7)g  =  -  6(e  -  e')  6 (z  -  z') 
dz  '  a)  2u)  e  v 


(Al) 


where  <5(*)  is  the  Dirac  delta  function.  The  boundary  condition  is 


g (e,z|e' ,z')  =  0  ,  for  z  £  0 


U) 

Because  the  field  is  axisymmetric  with  respect  to  the  z  axis,  we 
have 

n2  II, 

Viguj  '  £  3e  (E  } 

By  way  of  the  Hankel  transform  pair 


(A2) 


or 

g (e,z|e',z')  =  j  G  (k  ,z)  J  (k  e)  k  dk  , 

LO  J  we  OCCb 


(A3) 


-  J 


I 


IH 
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A 


au 

Gw(ke’z)  =  Jgje.zle',2')  J0(k£e) 


ede  , 


0 

we  can  rewrite  Equation  (Al)  in  terms  of  G^  as 


(A4) 


3G  ic  ~ 

+  (a'  -  -=-2.  kz)  G  =  J  (k  e')  6(z  -  z') 
dz  w  2w  e  to  or 


(A5) 


The  solution  of  Equation  (A5)  that  satisfies  Equation  (A2)  is 


to 


z 

(k£ * z)  =  J0^ke£’)  J|*  exp|-(aJj  -  "2i]f  k^)(z -l)|  6(n-z')  dn 


=  Jo(k£e')  expj-Cc^  -  k*)(z-z')|  H(z-z')  ,  (A6) 

where  H(z)  is  the  Heaviside  unit  step  function.  Combining  Equations 
(A3)  and  (A6)  yields 


g(jJ(G,z|e,,z')  =  e 


-a' (z-z')  f  tic 

H(z-z')  J  expj~  (z-z')  k£ 


•J  (k  e)  J  (k  e')  k  dk 
o  e  o  eee 

which  we  can  evaluate  using  integral  tables ^  to  obtain 


“to 


&.,<E,z|c',Z')  Joj—r—Ty(  expj_  2c 


z-z’> 


wee 


iw  e^+  e  * \  / 

’c  z-z'  ( 

O  J  J 


H(z-z')  . 
(A7) 


We  may  now  write  the  solution  of  the  homogeneous  paraxial  wave 
equation , 


3p  ic  „ 

~S  +  («’  +  ^  Vl>  P  =0 
dz  w  2w  Kw 


(A8) 
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in  integral  form  as 


Pw(e,z)  =  Jp^Ce'.O)  gu(e,z|e',0)  e'de' 


Since  the  eigenfunctions  of  Equation  (A8)  can  be  generated  with 

42  43 

orthogonal  Gauss-Laguerre  functions,  ’  we  expand  the  boundary 
condition  for  Equation  (A8),  p^(e,0)  ,  accordingly: 


»„«• o)  ■  u  p„l„(2«2)  6-5  > 


where  £  =  e/e 

o 


The  Laguerre  polynomials  are  defined  by 


L  (x)  =  eX  (xne~x)  , 
n  dx11 


and  satisfy  the  orthogonality  relation 


2  2  -2 -k  n '  2 

(2x  )L  (2x  )e  x  dx  *  6  (-r^) 

l  n  mn  z 


where  6  is  the  Kronecker  delta  function.  Using  Equation  (A10) , 
mn 

we  can  evaluate  the  coefficients  in  Equation  (A9) : 


UJ 

J 


Pu)(C,0)Ln(2£2)e"C  CdC 


Using  the  integral  form  of  Equation  (A8) ,  we  thus  obtain,  after 
inserting  Equations  (A7)  and  (A9), 


p  (C.Z)  =  i2fi  ^-=—  e 

03  Z 


J,  P  L  (2£’-) 
n  I  n 
n=0  J 


•J  (2^C'/Z)  exp  -(1  +  i  |)  V2  VdV  •  (All) 

O  L 


The  dimensionless  parameters  in  Equation  (All)  are  defined  as  in 
Section  3.3: 


2 

a)  e 

Z  =  —  ,  a'  =  a  z  ,  z  =  -= -  ,  fl  =  —  . 

Z  03  03  o  o  2c  03 

o  o  o 


Resorting  once  again  to  integral  tables,  we  can  express  Equation  (All) 


p«(5-z)  ■  £  w£>z;n)  ■ 

n=0 


(A12) 


where 


w  <  2E2  I  (  r2  l 

En(5'Z!®  ‘  fez?!!  Ln)1  +  (z/n)2j  expf  1Tlz7«  +  12n  tan  (Z/® 

The  orthogonality  relation  satisfied  by  the  eigenfunctions  is 


*  ,  2  -2a  Z 

Em(5,Z;ft)  En(C,Z;n)  ?dC  =  6mn(^)  e  “ 


Now  we  solve  the  inhomogeneous  paraxial  wave  equation  for  the 


sum-  and  difference-frequency  pressure: 


[•If  J 


In  the  second  approximation,  the  source  term  is  Q+  =  • 

where  p^  and  p^  are  solutions  of  Equation  (A8) ,  and  (*)  indicates 
that  the  complex  conjugate  applies  only  for  the  difference  frequency. 
Using  Equation  (A12),  we  can  express  the  source  term  as 


M5,Z)  =  £  £PmPn 
m=0  n=0 


(*}  E  (€,Z;fl  )E^*)(C,Z;fi  ) 
m  in  z 


(A14) 


The  solution  of  Equation  (A13)  is  given  by 


i8u)+  rr 

P+(e,z)  = - r  I  I  Q+(e',z,)g+(e,z|e',z')  e'de'dz’  , 

2P  c :  JJ  - 


(A15) 


2p  c 
O  o  '0 


where  we  have  assumed  p+(e,0)  =  0  .  After  inserting  Equations  (A7) 
and  (A14)  into  Equation  (A15) ,  we  obtain 


P+ (4 i Z)  =  -2q; 


m=0  n=0  J  J 

[w-j  ex»j-ias[%l^]j  E’dE'dz'  • 


-a;(z-z') 


where  D  =  u)  e  /2c  ,  and 


APPENDIX  B 


COMPLEX  EXPONENTIAL  INTEGRALS 


The  complex  exponential  integrals  are  defined  by 


uu 

/-zt 
tn 


dt  ,  Re(z)  >  0  , 


where  n  is  any  integer.  The  recurrence  relations  for  Equation  (Bl) 


E  ,  (z)  =  -  [e  Z  +  (1  -n)  E  (z)  ]  ,  n  =  0,-1, -2,  ... 

n-  i  z  n 


En+1(z)  =  ^  [e  Z  -  zEn(z)]  ,  n  =  1,2,3,  ... 


All  of  the  exponential  integrals  can  thus  be  calculated,  at  least  in 
theory,  if  we  have  Eq(z)  and  E^(z)  to  begin  Equations  (B2)  and 


(B3) ,  respectively. 


If  we  assume  Re(z)  >  0  ,  then  Equation  (Bl)  yields 


E  (z)  =  V 
o  z 


However,  in  equations  such  as  (4.12)  and  (4.16),  the  arguments  of  the 
exponential  integrals  can  be  located  anywhere  in  the  complex  plane. 
The  dilemma  is  resolved  by  noting  that  exponential  integrals  usually 
come  in  pairs  as  a  result  of  integrals  of  the  form 


PREVIOUS  PACE 
IS  BLANK 


If  the  integral  on  the  left-hand  side  of  Equation  (B5)  is  bounded, 
there  are  no  restrictions  on  the  arguments  az  and  Bz  (excluding 
the  obvious  singularities  at  zero  and  -«  ).  For  example,  when  n  =  0 
the  exponential  integrals  in  Equation  (B5)  are  given  by  Equation  (B4) , 
even  when  the  real  parts  of  the  arguments  are  negative. 

Likewise,  if  we  assume  Re(z)  >  0  and  make  a  simple  change  of 
variable,  we  obtain  from  Equation  (Bl) 


00 


arg  z  |  <  it  , 


(B6 


z 

which  has  a  branch  cut  along  the  negative  real  axis.  Like 
Equation  (B4),  Equation  (B6)  can  be  evaluated  anywhere  in  the  complex 
plane.  At  the  end  of  this  appendix  is  listed  a  computer  program  which 
evaluates  E-^(z)  for  arbitrary  complex  arguments. 

Care  must  always  be  taken  when  using  recurrence  formulas. 
Although  Equation  (B  2)  is  stable  and  can  be  used  in  either  ascending 
or  descending  order,  Equation  (B3)  becomes  unstable  when  \z\  »  n  , 
and  should  then  be  used  in  descending  order.  Unfortunately,  we  must 
use  Equation  (B3)  in  ascending  order  because  the  only  function  to 
which  we  have  access  is  E^'z).  Problems  with  Equation  (B3)  occur 


because 


E  (z) 
n 


z  »  n 


”1  — z 

Specifically,  if  by  recursion  we  obtain  E^(z)  -  z  e  ,  then  from 
Equation  (B3)  we  have  E^+^Cz)  =  0  which,  along  with  all  subsequent 
values,  is  useless.  This  particular  numerical  difficulty  can  often  be 
avoided  by  using  the  large  |z|  asymptotic  expansion^ 


n  .  n(n+l)  n(n+l)(n+2)  , 


Evaluation  of  exponential  integrals  for  which  n  is  negative 
can  be  performed  quite  accurately  with  Equation  (B2) .  However,  when 
-n  »  |z|  ,  | ( z) |  tends  to  grow  as  (-n) !  .  The  problem  which 

arises  is  of  course  the  convergence  of  a  series  such  as 


V"*  a  E  (z) 
n  n 


Equation  (4.38)  is  a  case  in  point,  for  which  the  series  can  be 


written  as 


El,  (4D292)  E  {2D2(92  -  26)  -  i2aT/ft  }  , 

i-n  n  i  — 


where  I  are  modified  Bessel  functions  of  the  first  kind.  When 
n 

2  2 

4D  9  <  1  ,  I  approaches  zero  rapidly  as  |n|  increases,  and 

2  2 

Equation  (B8)  converges  rapidly.  It  is  when  4D  0  >1  that  the 

behavior  of  E^  becomes  important,  because  for  small  |n|  ,  1^ 

approaches  zero  very  slowly.  Not  until  |n|  becomes  large  does 
I  eventually  go  to  zero  as  [ n |  ^ n 1  Problems  can  thus  arise 


when  the  argument  of  E^  becomes  small,  which  for  Equation  (B8) 

2 

occurs  around  0  =  26  .  Specifically,  if  2a^/fi_  is  small  and 

2  2  2 
4D  0  >  1  ,  Equation  (B8)  converges  slowly  when  0  -  26  . 

68 

In  Figure  34  is  listed  a  program,  designed  by  McKendree, 

which  evaluates  E  (z)  as  defined  in  Equation  (B6).  For  any  complex 
1 

number  z  ,  the  routine  returns  E^(z)  with  five  places  of  accuracy. 

i  i  46 

When  |z|  <  3  ,  the  exact  expansion 

OO 

E  (z)  =  -Y-inz-E  -~f-  (B' 

n=l 

is  used,  where  y  =  0.57721  is  Euler's  constant.  When  |z|  >15  , 

the  asymptotic  expansion  in  Equation  (B7)  is  used  with  n  =  1  .  For 

i  i  69 

3  <  | z |  <15  ,  the  polynomial  approximation  described  bv  Hershey  is 

used. 

Note  that  when  the  value  of  z  is  such  that  the  program  uses 
Equation  (B9)  to  evaluate  E^(z)  ,  a  branch  cut  exists  along  the 
negative  real  axis  because  of  the  presence  of  the  term  £n  z  .  When 
the  branch  cut  is  crossed,  the  phase  of  E^(z)  changes  by  2tt  . 
Therefore,  when  generating  curves  depending  on  arguments  of  E^(z) 
which  cross  the  negative  real  axis,  one  might  have  to  add  or  subtract 
2it  from  the  phase  term  in  line  33  of  the  program. 
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s 


In 


1*5 


2  n 


2« 


3n 


3s 


*n 


*5 


5n 


Se 


COMPLEX  FUNCTION  EllZ) 
rE»l  APutl*) ,CPQ(1*> 

COMPLEX  l,  C.LZ.  CIERP,  ZINv,  CORR,  7N.  RE  1  *  CSuM,  ARG,  P«  0 
REAL  ZPk>  7PI.  ZR*  71,  SlIMR,  SUMI ,  DtNOM.  nFACT.  SIGN,  70m,  Zul. 
1  ON 

DATA  GAMMA  /O. 57721566*/,  RHX/15./,  HMN/3./ 

OATa  AInf/7.ET57,ALIM/17*.67.RLIM/-i 77.3/ 

C 

r  COEFFICIENTS  FOR  NATIONAL  POLYNOMIAL  APPROXIMATION. 

C 

DATa  apo/. Si. #0717*6,  1113.21666,  .13030.1734,  92167. 16*0, 

1  -*13031.176,  1196*50.66,  -22**393.77,  ?70166u.92, 

2  -202913*. 77,  901637.337,  -21*656.339,  2522*. 6375. 

3  -963 *26266* ,  2.6*0*79827 

DATA  LP0/-52. 6*717*6,  116*. 0660*'  -1*09**5*51.  10*227.260, 

1  -*9**05 «*09 ,  15*5152.90*  -319S506.10*  *35*093.96, 

2  -383**56.23,  2119769.51*  -693517.213*  122583.807* 

3  -9877.36676,  2**. 9130177 

C  DETERMINE  IF  LARGE  2  OR  SMALL  2  SERIES  IS  REOuIRED, 

C  AND  WHICH  FORM  FOR  THE  CORRECTION,  IE  EITHER,  IS  NEEOFO. 

C 

RsCaBS  </> 

IF  (R  ,EU.  0.)  GO  TO  6000 
IF  (R  ,uf.  RMX)  GO  TO  *000 
IF  (REAL  1/1  .LI.  0.1  GO  TO  900 
IF  (RMN  .LT.  R)  GO  TO  2000 
C 

c  set  up  f ihst  two  ierms  of  EI121  in  gl/, 

C  and  INIUALIZE  the  LOOP  variables. 

c 

900  AMP..ALUG (HI -GAMMA 

PH5s-ATaN2 ( A  1  MAG ( 7 1  .REAL (2) | 

GL7*CMPla»amR,PhS> •/ 

TEST*! .t-t,  •  CABS'GLZ) 

SIGN«1 *UM 
N«1 

ZRsrEALIZI 

7I«aIMAu(2) 

2PR.2R 

ZPI.2I 

ofact*1.ou 

SUMRsO.UK 

sumiso.uk 

c 

c  loop  to  evaluate  ihe  series  term  by  i erm,  ascending  pc>hEks  uf  2 

C  ARE  COMNUIED  IN  2PR  AND  ZPI,  VALUES  OF  N  FACTORIAL  IN  I1FACT. 

c 

1000  NsN.l 

SlONs-SlGN 

DNsflOA I (Nl 

OFAfT«OFALT*ON 

OENOMsSltoN/<OFACT«ONl 

70Rb7PR*2h-7PI*7I 

Z0Is2PRS2i.7MI*7R 

ZPRsZOR 

2PIs20I 


Figure  34. 


Complex  E^(z) 


Subroutine . 
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6  a 


65 


To 


8  n 


85 


9n 


95 


on 


05 


In 


15 


Z0R«7DR«UEN0M 
701  «Z0I*t>tNOH 
SUmr«SUnh»7dH 
suMj«sun»»7ni 
TERm«ABs 1 loot «*RS 1 20  n 
r 

C  T«E  s£R»tb  IS  FINISHED  If  tmE  CuRRENi  TERM  lb  LEbS  THAN  .U0001 
r  OF  THE  must  TtRM.  *LSO»  IF  N  MAS  GHOWN  TO  S4  ■  THE  FACTORIAL  WILL 

C  FAIl  AT  Inf  NEAT  IERM.  AND  THE  LARGE  l  EXPANSION  MUSI  ME  USEO. 

C 

IF  (N  .ui .  S3)  GO  TO  4000 
IF  (TERM  .GT.  IESH  Go  tO  1000 
C 

C  ADO  FIRbl  Two  TERMS  In  THE  REMAINDER.  AND  RETURN. 

C 

E  1  »f.L2 «LMPLX  (SOMR.SUMt) 

8888  RETURN 

C 

c  RATIONAL  HOLYNOMIAL  APPROXIMATION  TO  THE  CORRECTION  TERM. 

r 

7000  7INV»-1./Z 

ZN»7INV 

P«7tNV 

0«7TNV 

8*0 

r. 

C  LOOP  TO  ACCUMULATE  NUMERATOR  AND  DENOMINATOR  TERMS  OF  THt  RATIONAL 
C  POLYNOMIAL. 

c 

DO  7500  Ail, 14 
ZNi7N»Zinv 
P«P.APQ(aI*7N 
QaQ.CPQ  IM  *7N 
7500  CONTlNUt 
COApaP/u 
ZlNv«*ZlN» 

GO  TO  Sbuu 
C 

C  HERE  the  complex  EXPONENTIAL  FORM  1$  USED. 

4000  2N.cmPLaU.,«.| 

ZlNvaZN/Z 
RS*  j  . 

FACT  1*1 • 

N«0 

NMAx«IF1A IR.O.SI 
IF  |NMAa  .(.T.  201  NMAxa20 
CORRwCMHL A  T 1 . . 0 • I 
N1>NMAX*7 

C 

r  to  the  exponential  laroe  z  Expansion,  if  tne  correction  ierm, 

C  WMlrM  Is  IN  UESCENCINO  POWERS  OF  Z.  tttCOMES  LESS  THAN  1 .E-b 
C  THE  CORHtLTTON  term  is  CONSIDERED  EVALUATED. 

C 

4500  RSr.RS 
N*N.I 

IF  IN  .ul.  Nil  GO  TO  4700 
FACtIaFali IwFLOAT IN) 

ZN>7N*Z1nv 

CTEBMwRb*ZN4FACTI 


Figure  34.  (continued) 
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CORrbCOkh.CTERH 

IF  tCABs ICT£RM)  .67.  I.E-6)  00  TO  45UU 
4700  IE  (NMAa  .to.  20)  GO  TO  5500 
C 

r  COMPUTE  ampROxIMAI ION  TO  REHAInOER  term. 

c 

NlsNMAX-i 

ZN..1./Z 

ZN*7N**M1 

FACTI«O.S 

00  s200  l»2tNj 

FACTI*FaC1 ?»FLOaT I I ) 

0200  CONTINUt 

REl«ZN«fACTI 

CORr*COkn*RE1 

c 

c  asvmptouc  large  t  expansion. 

C  CHECK  Fuk  oata  oui  of  range* 

c 

0500  r»real<xi 

IF  (fl  *ut.  ALIM)  00  10  5700 
CL1m«ALUGICAUSI7> )«BL1M 
IF  (R  *Lt.  CLIN)  OO  TO  5600 

C 

c  ExponEnual  kill  b£  ♦einite»i  use  connected  Exponential  form. 

c 

El«7lNV«CtxP(-2)»L0RR 
GO  TO  8«»» 

C 

r  data  Oui  uf  mange  computation. 
c  exponENiial  woulo  nave  Blown  down  so  return  zero. 

c 

0600  EWo. 

GO  TO  BttWH 
C 

c  exponENiial  woulo  nave  blown  up  so  rltuhn 

C  FA InF *  IN  PROPER  PRASE. 

c 

0700  A I ■ A I HAu I / 1 

E1baINF*2inv*CNPlX (COJIAi ) . SIN  I AI ) ) 

GO  TO  Bean 

c 

C  T«Io  PAitH  PREVEN | S  IME  ALOGIO.)  FuNtrlON  pRON  GIVING  TROuBLt. 
C  T«E  LOGARITHM  OF  10**  t-100)  Is  RETURNED  FOR  2*0. 

6000  E1«CMPLai-2,30*5BSE2*0.> 

GO  TO  Bwww 
ENO 


Figure  34.  (continued) 
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APPENDIX  C 


FIELD  EQUATIONS  FOR  THE  SUM  AND  DIFFERENCE  FREQUENCY 
COMPONENTS  RESULTING  FROM  COLL I NEAR 
BESSEL  PRIMARY  BEAMS 


As  shown  by  Fenlon ^  and  McKendree,*0  Equation  (A. 2)  approximates 
the  paraxial  field  of  a  circular  piston  projector  having  radius  a  and 
uniform  source  amplitude  p^  if 


£o  =  /f  ’  PG  =  2P0  * 


The  justification  for  Equation  (Cl)  is  as  follows.  After  replacing  £ 
by  r0  in  Equation  (4.4),  we  obtain  for  the  paraxial  farfield  of  a 
Gaussian  beam 

1  2  -otr  2 
lpo>(r’0)  I  *  2  keopG  exP{"(I  keo0)2} 


1.2  e 

=  -r-  ke  p_  - 

2  o  G  r 


{1-7  k2e202  +  o[(ke  0)4]} 

4  O  O 


Likewise,  the  paraxial  farfield  of  a  Bessel  beam  is  given  by 


„  -ar  2J  (ka0) 
|Pu)(r,0)|  »  T  ka  P0— - - 


-  j  ka2P|)  tj-  |I  -  i  k2a202  +  O[(ka0)4]|  .  < 

Equations  (C2)  and  (C3)  are  made  equivalent  up  to  ©[(ka©)^]  by  way  of 
Equation  (Cl). 

We  thus  obtain  the  following  transformations  for  our  normalized 
Gaussian  beam  parameters: 
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Through  use  of  the  relations  in  Equation  (C4) ,  the  results  based  on 
Gaussian  primary  beams  in  Chapters  IV  and  VI  may  be  transformed  for 
application  to  arrays  formed  by  primaries  radiated  from  a  circular 
piston.  The  following  equations,  which  result  from  the  analysis  of 
collinear  interaction  in  Chapter  IV,  have  been  so  transformed.  As 


usual,  the  effects  of  dispersion  are  retained  only  in  the  parameter  6+ 

2 

Consequently,  because  it  has  been  assumed  that  <<  1  ,  we  may  replace 
(u)o/co)2  by  k1k2  . 

For  the  difference-frequency  field,  we  obtain 


P  (r,9)  = 


k!a26P01P02  e  “-r  (  ,  klk2a  Ar  2  22, 

■ - 2 - 2k -  a*p{-(aT  'ikA>  -sTb - k-r  6  /Br 

4poco  1-i  - ^  r  '  - 

klk2a 


8k  rB 

r 

k1k2s2At 


expaa,f  -ik_5_) 


2  2  2  2  2  2 
k^k2a  ik_(4k^k2+k  )a  r  0  ^ 

8k  B  X  ~  A~B  x 

-  r  r  r 


where 


2  2 

A  =  8k  r  +  ik  a 


and 


Br  =  (k  k2  +  k2j2)a2  -  12k_r  . 


Equation  (C5)  reduces  on  axis  to 


P  (r,0)  = 


k-a26i,01P02 

4p  c2 
o  o 


-a  r 


2k 


exp<-(aT  -ik_6_) 


1-i 


8k-Br  > 


klk2a 


■I" 


E,<-(aT  -ik_6_) 


%£}-,  I 


-(aT  -ik_6_) 


C#  ■  •)! 


For  the  farfield  of  the  array.  Equation  (C5)  becomes 


P_(r ,0)  = 


H.1t2k_a48p„1p02  ;a-T 

8p  c2  r 

o  o 


f 


exp<-(aT  -ik_6  )  - - (2kjk2  +  k^)  ~~  -  ikjre^J 


ikj^a* 

2k 


2  2 

2,  aV  ,,  „2 


ioo 


J  exp  | 


ik.k.a^  2 -.2  .  )  , 

(aT^-ik_5_)  2k_  x  +  ^k1k2+k_)  'l6  xj  X  ’ 


which  for  a  diffraction-limited  array  reduces  to 

ik;  k  k_a46p  p  0_Ct-r  7  , 

P  (r,0)  =  - - - exp{-k.k  a  0^/4  -  ik_r0  /2} 

8p  c  r  11 

o  o 


f 


exp<-(aT  -ik_5_) 


lklk2^  \ 
2k_  ( 


(aT  -ik_6_) 


When  0=0,  Equation  (C8)  reduces  to  the  farfield  form  of 
Equation  (C6) .  By  way  of  Equations  (4.11)  and  (4.13),  Equations  (C5) 
and  (C7)  can  be  written  in  terms  of  modified  Bessel  functions  and 


exponential  integrals,  as  was  done  in  Chapter  IV.  For  the  farfield 
of  an  absorption-limited  array.  Equation  (C7)  reduces  to 


P  (r , 0)  =  - 


k2a28pmpn9  a-r  exp{-(k  a/4)202  -  ik  r62/2} 
UI  uz  e  -  - 


/  2  r 

4a  pc 
1  o  o 


1  +  i(k_/2aT  )(8*  -  2<5_) 


Likewise,  for  the  sum-frequency  field  we  obtain 


,  n\  k+a  3p01p02  e  +  \  W1  2,„  4r202/a2 

P.(r,0)  - - ~ - ~  exp  ((a  -ik  6  )ik  a  /8 - 

4pqc^  l-i8r/k+a^  (  L+  +  +  l-i8r/k+a 


*  |E1  {(aT  ~ik+6+)  iV2/8}"El{(ctT  "ik+V  (±k+a2/8  +  r)}]  * 


(CIO) 


Equation  (CIO)  yields  two  different  results  for  the  farfield.  When 
aT  <  0  ,  Equation  (CIO)  reduces  in  the  farfield  to 


.,3  4  -(a.+a„)  r 

ik  a  ^PqiPq2  e  ^  2  22  2 

p  (r ,  0)  = - ^ - — - - -  exp{-(k  a/4r0  -ik  r6V2}  ,(ni) 

32p  c  (a  -Ik  V)  r 

O  O  +  f 
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while  for  ot 


0  we  obtain 


.,3  4,,  -a .  r 

akj_a  tfpm  pf)2  p  2  2  2 

p  (r , 0)  - - - - y=-^=-  —  exp {-(k  a/4)  0  -ik  r0  / 2} 

+  32p  c2  r  +  + 

o  o 


•  exp{(aT  -  ik+6+)  ik+a2/8}  E^Uo^  ”  ik+5+)  ik+a2/8}  • 

(C12) 

As  discussed  in  Section  4.1,  a  simple  transformation  permits  appli¬ 
cation  of  Equations  (CIO)  -  ( C 1 2)  to  second-harmonic  fields. 

Although  the  effect  of  dispersion  on  the  parametric  array  has 
not  been  investigated  experimentally,  the  utility  of  the  above 
equations  may  be  demonstrated  by  comparing  our  results  with  data  ob¬ 
tained  in  water,  where  the  dispersion  is  negligible.  Axial  data 
obtained  by  Muir  and  Willette^  for  the  sum-  and  difference-frequency 
fields  that  resulted  from  a  parametric  array  operated  in  fresh  water 
may  be  used  for  this  purpose.  Primary  beams  at  482  kHz  and  418  kHz 
were  radiated  by  a  circular  source  of  radius  3.8  cm,  each  at  a  peak 

source  level  of  207  dB  re  1  yPa  at  1  m.  The  water  for  the  difference- 

12 

frequency  experiment  was  isothermal  at  55°F,  and  therefore  the 

attenuation  coefficients  are  =  0.00755  m  ^  =  0.00568  m  ^  , 

and  a_  =  0.00013  m~*.  If  it  Is  assumed  that  the  water  for  the  sum- 

frequency  experiment  was  the  same  temperature,  then  ct+  =  0.0263  m 

For  comparison,  we  find  from  Equation  (C4)  that  the  equivalent  Gaussian 

beam  parameters  are  ft  -  0.14  ,  D  =  26  ,  a  =  0.009  and  a  =  -0.009  . 

-  l  + 

Theoretical  predictions  obtained  from  Equations  (C6)  and  (CIO), 
together  with  the  data  obtained  by  Muir  and  Willette,  are  presented  in 
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Figure  35a.  Agreement  between  theory  and  experiment  is  seen  to  be  very 
good.  We  note  that  whereas  the  axial  solutions  of  Muir  and  Willette 
require  two  complex  integrations.  Equations  tCb)  and  (CIO)  require 
none  if  the  subroutine  in  Appendix  B  is  used  to  evaluate  the  complex 
exponential  integral. 

Data  obtained  for  beam  patterns  may  be  used  to  check  our  far- 
field  results.  For  the  difference-frequency  beam  pattern  we  use  the 
data  from  an  experiment  performed  in  sea  water  by  Moffett  and  Mellen.^ 
Primaries  were  radiated  at  270  kHz  and  220  kHz  by  a  circular  source  of 
radius  5.1  cm,  with  aT  -  -  0.0173  m  .  The  data  are  compared 

in  Figure  35b  with  the  results  obtained  from  Equation  (C7) .  The  agree¬ 
ment  is  excellent.  In  this  case,  the  simple  analytical  expression 
derived  by  Moffett  and  Mellen  for  the  difference-frequency  beam 
pattern  is  easier  to  use  than  our  results.  However,  we  find  from 
Equations  ( C 1 1 )  and  (C12)  that  our  directivity  function  for  the  sum- 
frequency  signal  is  extremely  simple.  It  is  given  by  exp{-(k+a/4)  0  }  . 
Similarly,  for  the  second  harmonic  the  prediction  is  exp{-(ka/2)  0  }  , 

where  k  is  the  wave  number  of  the  fundamental.  We  therefore  use  data 

54 

for  the  second  harmonic  taken  by  Lockwood,  Muir,  and  Blackstock  in  a 
harmonic  distortion  experiment.  The  source  was  the  same  as  that 
described  by  Muir  and  Willette^  but  was  driven  at  the  single  frequency 
454  kHz.  As  seen  in  Figure  35b,  the  agreement  between  theory  and  ex¬ 
periment  is  again  very  good.  Beam  patterns  were  also  measured  by 
Muir  and  Willette  for  sum-  and  difference-frequency  signals,  but  it  is 
difficult  to  read  the  data  points  with  certainty  because  of  inconsis¬ 
tencies  in  the  scales. 
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The  results  in  Figure  35  thus  lend  credibility  to  the  equations 

presented  in  this  appendix.  However,  one  should  beware  of  applying  the 

equations  to  regions  very  far  off  axis.  Further  support  of  the  trans- 

19 

formation  given  in  Equation  (Cl)  is  provided  by  Fenlon  and 
10 


McKendree . 


APPENDIX  D 


DIFFERENCE-FREQUENCY  FIELD  RESULTING  FROM 
SPHERICAL  PRIMARY  WAVES 


Here  we  solve  the  inhomogeneous  wave  equation  for  the 
difference-frequency  field  resulting  from  spherical  primary  waves 
which  are  radiated  from  a  spherical  source  of  radius  a  .  Our  wave 
equation  thus  becomes  (see,  e.g..  Equations  (2. A)  and  (2.8)) 


(V2  +  x!>P_(r)  =  (k_a)2Po  £ 


~i(X1  -Xpr 


where  we  assumed  that  the  primaries  are  given  by 


_iX  • r 

pj(r)  =  poj  6  3 


with  x  =  k  -  ia  and  where 


ep01p02 

o  ""  2 

o  c 
o  o 


Because  of  spherical  symmetry  we  have 


v2  =  a  +2± 

,  2  +  r  3r  ’ 
dr 


so  that  we  can  rewrite  Equation  (Dl)  as 


Since  the  Green's  function  for  liquation  (D2)  is 


g_(r|r') 


-iX_(r  -  r ') 
e 


i2X_ 


we  can  immediately  write  the  solution  as 


iMr) 


(k  a) 2P 
- _ _0 

i2x_ 


a 


(D4) 


where  we  have  assumed  that  p_(a)  =  0  .  Equation  (D4)  can  be  expressed 
in  terms  of  exponential  integrals,  so  that  using  Equation  (D3)  we 
obtain 

k_a2 

P_(r)  =  i  ~=2—  PQ  — - -  [E1(i(x1  -  x£  -  X_)r>  ~  E1(i(X1  "  Xjj  "  X_)a}]  , 

(D5) 

for  k_/x_  -  1  • 

The  first  term  in  Equation  (05)  is  the  particular  solution  and 
the  second  term  is  the  homogeneous  solution.  Only  the  homogeneous 
solution  survives  in  the  farfield,  where  Equation  (D5)  reduces  to 

k  a2  “1X-r 

P_(r)  ~  ~^~2  El{i(xi  “  x2  "  X-)a}  Po  -  ’  r  ^  00  • 


Note  that  p_  is  proportional  to  u i  ,  whereas  for  directional 

primaries  [see,  for  example,  Equations  (2.32)  and  (2.33)]  p  is 
2 

proportional  to  u_  . 


APPENDIX  E 


DIFFERENCE-FREQUENCY  FARFIELD  OF  A  DIFFRACTION- 
LIMITED  ARRAY  FORMED  BY  COLLINEAR 
GAUSSIAN  PRIMARY  BEAMS 

In  a  diffraction-limited  array,  the  nonlinear  interaction  region 
is  terminated  because  of  spreading  losses  suffered  by  the  primaries, 
rather  than  dissipative  losses.  We  therefore  seek  the  asymptotic 
farfield  form  of  the  difference-frequency  field  equation  when  a'  -  0  . 
For  this  purpose,  it  is  convenient  to  use  the  farfield  form  of 
Equation  (4.8),  which  we  can  write  as 

-a_Z 

P_(0,  Z)  -  — —  exp{-Q^D202  -  ift_D2Z62}l  ,  (El) 

where 


/(  ft  -  i2ft  ri 

exp  j  2^^  +  ift_n  nin 


„D202  -  a'n  !  on'  o-?.o  • 

2  T  j  20^2  +  0 


After  making  the  variable  substitution  ip  =  a^n  ,  we  obtain 


( 1  ±  i)°°  2 

<  ft_a,|,  -  i2ft  ip 

8XP  j  2S\n2aT  + 

0 

where  the  factor  ±i”  in  the  upper  limit  indicates  that  the 
imaginary  part  of  a'^  ,  which  depends  on  6  ,  can  take  on  any  value. 
If  we  assume  |2a,j,/ft_|  <<  1  ,  then 

ft2a|  -  12Q 

2ft  ft  a'  +  ift  ~  ~2  ’ 


dip 


2fty2aj  +  ^  ’ 


(E2) 


so  that  Equation  (E2)  reduces  to 


( 1  ±  i)°° 


I  ~  e 


-2fi1«2D202 


-V  dip 


2fi1fi2a^,  +  i  tt_ip  • 


Note  that  the  contribution  due  to  a^,  in  the  denominator  of  the  inte¬ 
gral  is  critical  and  cannot  be  neglected.  Now  we  let  x  =  2fl. ^2aT  +  ^  ^ 
and  rewrite  Equation  (E3)  as 


— -  exp{-2fi1fi2D202  -  i2«ir42a^./fi_}  j 


(i  ±  1)°°  y 

f  :  ia-  ¥ 


2fijQ2a^, 


=  ~  exp{-2fi1fi2D202  -  i2fiin2a4,/fi_}E1{-i2Jl1Q2a^/fi_}  . 


Combining  Equations  (El)  and  (E4)  after  setting  =  1  everywhere 

except  in  the  directivity  function,  we  obtain 


p_(0, Z)  ~  ifi_D2PQ  ~ —  exp{-i2a^,/n_}E1{-i2a^,/fi_} 


exp{-(^2  +fi2)D202  -  ifi_D2Z92}  ,  |2a^/fi_|  «  1  , 


because 


2f2jfi2  +  Q_  =  2 4-  -  ^2) 


2  2 

=  ^  +  ft2  . 


208 


APPENDIX  F 


THE  COEFFICIENT  OF  NONLINEARITY  FOR 
NONCOLLINEAR  PLANE-WAVE  INTERACTION 


In  this  appendix  we  expand  on  Zverev  and  Kalachev' s^  analysis 

of  the  noncollinear  interaction  of  two  finite-amplitude  plane  waves  of 

infinite  extent.  We  begin  with  the  complete  second-order  wave  equation 

6  3 

for  inviscid,  irrotational  fluids,  which  can  be  written  as 

,2\ 


[V2  -  1 


2  ^2 

C  9t  ) 

O 


p  =  -pQ[(V*u)2  +  u-V^u  +  V^u2] 


2  2 

_1 _ B_  9  p 

4  2A  »  2 
pc  9t 
o  o 


(FI) 


where  u  is  the  particle  velocity  vector.  The  ratio  B/2A  arises 
24 

from  coefficients  in  the  equation  of  state  relating  the  pressure  and 
density.  For  ideal  gas,  B/2A  is  equal  to  (y  -  l)/2  ,  where  y  is 
the  ratio  of  specific  heats.  Without  loss  of  generality,  the  analysis 
is  restricted  to  two  dimensions  so  that  the  particle  velocity  may  be 
expressed  as 


u  =  i  u  +  j  u 
x  y 


where  and  are  the  components  in  the  x  and  y  directions, 

respectively.  The  terms  in  Equation  (FI)  containing  u  thus  become 
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Combining  the  above  equations  we  obtain,  after  manipulating  the 


derivatives. 


c2  3t/  P  P°(  3x2 

n  / 


2  2  ?  2 
3u  3u  3  u  3  u  3  u 

+  2  — —  -r ^  +  2u  - y  +  2u  — 

ax  ^  3y2  X  3y2  y  3x2 


_  _B_  3  p 
4  2A  2 


We  now  consider  a  primary  wave  field  in  which  one  plane  wave 
propagates  in  the  x  direction  while  the  direction  of  propagation  of  a 
second  plane  wave  forms  an  angle  tj>  with  the  x  axis.  Such  a  field 


can  be  expressed  by 


where 


p  -  p01cos^1  +  P02cos^2  , 


il>1  -  u^t  -  k^x 


4>2  =  0J2t  ”  ^2X  cos<^  ~  ^2y  s^-n<^ 

To  determine  the  particle  velocity  we  may  use  the  first-order  relation 


*.  i  f 


-r  Vp  dt  , 


because  use  of  a  more  exact  relation  for  the  terms  containing  u  would 
only  generate  third-  and  higher-order  quantities.  Combining 
Equations  (F3)  and  (F4)  we  obtain 

P01  .  P02 

u  =  -  cosf).  ■+■ - COS<p  COSU)„  , 

x  D  C  1  p  c  2 

o  o  o  o 


PG2  . 

u  =  -  sin <J>  cosu^^ 

y  pc  2 

o  o 
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We  are  concerned  here  only  with  the  sum-  and  difference- 
frequency  fields.  The  third,  fifth,  sixth,  and  seventh  terms  on  the 
right-hand  side  of  Equation  (F2)  are  not  forcing  functions  for  these 
fields.  The  sum-  and  difference-frequency  parts  of  the  remaining 
terms  are 


~2  2 
3  u 
_ x 

3x2 


P01^02  2 
— 2  2~~  ±  k2cos<j>)  cos<}>  costy^ 

p  C  L 

o  o 


3u  3u 
x 


3x  3y 


x  P01P02 

2  2 
P  c 
o  o 


kj^sin  4>  cos^4 


2u 

x 


^01^02  2  2 
— 2  2~~  k2sin  (J>  cos<j)  cos<Jj+ 

P  c 
o  o 


* 


32  2  2 

TV  =  -p01P02W±  cos*± 

at 


where 

=  w+t  -  (k^  ±  k2cos<|))x  -  k2y  sin<J>  . 

After  replacing  the  terms  on  the  right-hand  side  of  Equation  (F2)  and 
making  some  trigonometric  substitutions,  we  find  that  the  wave 
equation  for  the  sum-  and  difference-frequency  fields  is 


(2  1  a2  \ 

(V  -  ~2A~2)P±  =  B±(<D) 


01P02 


co  at 


2 

P  c 
o  o 


COSi|j  + 


(F6) 


where 


“lu2  .  4 , 


8+(4>)  =  2X  +  cos<t>  t  ^  — 2~  sin 


(F7) 


u). 
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Westervelt's  equation,  Equation  (2.1),  comes  from  using  the 
plane-wave  impedance  relation  to  reduce  the  right-hand  side  of 
Equation  (FI).  The  result  is  that  Westervelt's  equation  is  of  the 
same  form  as  Equation  (F6) ,  except  that  Equation  (F7)  is  simply 
6+  =  1  +  E/2A  .  It  is  of  interest  to  note  that  had  we  derived  an 
equation  similar  to  Equation  (F6)  but  in  terms  of  density  rather  than 
pressure,  we  would  have  obtained  a  coefficient  which  is  the  same  as 
that  given  in  Equation  (F7) ,  except  with  the  first  term  replaced  by 


► 

r* 

► 

. 

i 

m 


2 

w± 

2  57 

In  fact,  various  inhomogeneous  wave  equations  in  the  literature  * 
differ  slightly  depending  on  whether  they  pertain  to  pressure  or 
density. 


B 

2A 


1  +  4 
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APPENDIX  G 


DIFFERENCE-FREQUENCY  FARFIELD  OF  AN  ABSORPTION- 
LIMITED  ARRAY  FORMED  BY  NONCOLLINEAR 
GAUSSIAN  PRIMARY  BEAMS 


We  begin  with  the  farfield  result  presented  in  Equation  (6.20) 
for  4> ^  =  <j)  and  ^  =  0  ,  where  <£_.  is  the  angle  formed  by  the  primary 
beam  of  frequency  and  the  z  axis: 

-a  Z 

p  (0  ,0  ,Z)~ -Q,QJ)2D2P  ~ —  exp{-f22D202-iQ  D2Z02} 
x  y  12-oZ 


Hiftp  c 
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dn 


ft2+ift_n  ’ 


(Gl) 


where 


2  2  2 
9=0+0  . 

x  y 


The  variable  of  integration  in  Equation  (Gl)  represents  the  dimension¬ 
less  coordinate  Z  .  In  an  absorption-limited  array,  dissipation 
restricts  nonlinear  interaction  to  the  nearfield  of  the  primaries, 
where  Z  <  1  .  We  now  assume  that  a^  is  sufficiently  large  that  the 
factor  a^c  dominates  the  integrand  when  n  >  1  .  In  other  words,  we 
assume  that  major  contributions  to  the  integral  occur  only  when 

H  «  1  .  We  may  therefore  perform  expansions  for  small  n  ,  discarding 

2 

all  terms  of  order  n  or  higher: 
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Inserting  the  asymptotic  relations  in  Equation  (Gl)  and  regrouping  terms 
we  obtain 


-a  Z 


p  (6  ,6  ,Z)~-n2D2P  ~=~  exp{-(f22D2/2)[(0  -(fi  /n_)4>)2+02]-in_D2Z02} 

—  X  V  —  O  Acj  ~  X  i  V 


°°  /  2  \ 

•  Jexp  |-  faT  -  i26n_D2  +  i  ^1  +  fi_D202 

^1  ^1  2  2 1  I 

-iU-^DVjnj 


-  i(2n, -n  ) 


1  2Qr 


dn 


(G2) 


The  integral  in  Equation  (G2)  is  easily  evaluated,  and  the  result  is 


n2D2P  -a-Z  exp{-(n2D2/2)[(0  -(fl./fl  )<f>)2+02]-in  D2Z02} 

P-(ex>ey^)'-ii--oe 


7 


.2, 


l+i(fi_D  / ax)F(0 , 4>) 


(G3) 
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APPENDIX  11 


DIFFERENCE-FREQUENCY  FARFIELD  OF  A  DIFFRACTION- 
LIMITED  ARRAY  FORMED  BY  NONCOLLINEAR 
GAUSSIAN  PRIMARY  BEAMS 


We  begin,  as  in  Appendix  G,  with  the  farfield  result  for  ^  =  $ 


and  $2*0,  where  $  is  the  angle  formed  by  the  primary  beam  of 


frequency  uk  and  the  z  axis.  Following  the  procedure  in  Appendix  E 


we  let  $  =  a^,r|  ,  whereby  Equation  (Gl)  becomes 


-a  Z 


2  2 . 2 


P  (0  ,0  ,Z)~ -n.S-flVp 
-xy  12-  oZ 


exp{-ft2D262-iQ  D2Z02} 


f  (  inpV 

Jexpp+ VP 


$ 

r 


a^D2$2(n2a^+i$) 


2  2 

T-V  1 


^2a^+i$ 


(nia^-il|»)(2ftin2a^+in_K»)  +  2filQ-D  ^x  2Rin2aJ,+iflJ; 


n1i!2!!-D202  2fi 


g-al-12»  1 _ d! 


d$ _ 


(HI! 


where 


2  2  2 
0  =  6  +  0 
x  y 


By  writing  a^00  ,  we  keep  track  of  the  relation  between  the  real  and 


imaginary  parts  of  the  upper  limit  in  the  integral.  In  a  diffraction- 
limited  array,  attenuation  of  the  primaries  is  so  low  (or  the  nearfield 
is  so  short)  that  the  nonlinear  interaction  region  is  terminated 
because  of  spreading  rather  than  dissipative  losses  suffered  by  the 


primary  beams.  Therefore,  if  we  assume  |2a,j,/R  |  «  1  ,  then 


ifi2D2$2$ 

-  -  njD  $ 
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a^D“4>2  ^2a\  +  ^  a^D“<}>2 

-  it|))(2R1fi2aj  +  iflJO  ~  2ft  ^a^,  +  iftjj 


2  2  ^2aT  +  ^  2  2 

2ftfft  D10  — -.--1-  .---  ——  ,  2Q7D  <pd 

1  -  x  2ft  +  lftj p  1  x 


„2  ft  a'  -  i2ty 

ft,ft0ft  D20  ir?r~-r  -  -n  T  ~  -2ft.ft,.D202 

1  2  -  2S2jS2„a^,  +  1  2 


After  letting  X  =  2Q,^p.^a'^  +  ift  and  rearranging  terms,  we  obtain  the 
following  asymptotic  form  for  Equation  (HI): 


p_(0x,0  ,Z)  ~  ifi_D2PQ  ~ —  exp{-fi2D2[(0x-(J))2+02]-O2D202-if)_D2Z02} 


ia 

a’  v  “T 


•  “p  {-12  sf}  f  ,  (H2) 

2  4 

where  we  assumed  ft^f^  ~  1  •  Expanding  the  integral  in  Equation  (112)  by 


way  of  Equation  (4.11),  we  find 


J  exp{‘i it 


+  a^ft^ 


1  X  f  X 


=  L  rn{2arQlD2<J)2}  (  eXp{"(ll"  +  aTfilD2<|)2)^  ^ 

n=-oo  I  X 

o"  * 


-A 


=  2  (2aT)n  1n{2aTfilD2<,)2}El-n{"1  1T+  2<ai)2^DV}  . 
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The  assumption  |2a^,/f2  |  <<  1  requires  in  general  that  |a^|  < 
so  that  we  can  safely  omit  all  terms  in  Equation  (H3)  for  which 

2422 

Moreover,  since  |2(a^,)  4>  |  <<  1 2a^,/fi  |  we  have  simply 


j  exp{-  i^+ 

2a,’ 


i  2a^ 

VriT 


Therefore,  Equation  (H2)  becomes 

-a_z 

p_(0x,6y,Z)~ifi_D2Po  ~~~  exp{-i2a^,/fi_}  E1{-i2a^,/fi_} 


•  exp{-n2D2[(0x-<J>)2+ey]-n2D202-ifi_D2Z62}  ,  1 2a^/f2_  | 


0.01  , 
n  /  0 


«  1  . 
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San  Diego,  CA  92152 

Air  Force  Systems  Command 

42 

Attn:  Technical  Library 

Wright-Patterson  Air  Force 

Base 

Naval  Surface  Weapons  Center 

Dayton,  OH  45433 

White  Oak  Laboratory 

52 

Attn:  Technical  Library 

Department  of  the  Navy 

Silver  Spring,  MD  20910 

Lawrence  Livermore 

43 

Attn:  Technical  Library 

Laboratory 

University  of  California 

David  W.  Taylor  Naval  Ship 

P.  0.  Box  808 

Research  and  Development 

Livermore,  CA  94550 

Center 

53 

Attn:  Dr.  W.  F.  Krupke 

Department  of  the  Navy 

Bethesda,  MD  20084 

Harry  Diamond  Laboratories 

44 

Attn:  Central  Library 

2800  Powder  Mill  Road 

(Code  L42  and  L43) 

54 

Adelphi ,  MD  20783 

Attn:  Technical  Library 

Naval  Avionics  Facility 
Department  of  the  Navy 

Naval  Air  Development  Center 

Indianapolis,  IN  46218 

Department  of  the  Navy 

45 

Attn:  Technical  Library 

Johns ville 

Warminster,  PA  18974 

Director 

U.  S.  Army  Engineering 

55 

Attn:  Technical  Library 

Research  and  Development 

Naval  Weapons  Center 

Laboratories 

Department  of  the  Navy 

Fort  Bel  voir,  VA  22060 

China  Lake,  CA  93555 

46 

Attn:  Technical  Documents 

56 

Attn:  Technical  Library 

Center 

(Code  753) 

47  - 

49 

ODR&E  Advisory  Croup  on 

Naval  Training  Equipment 

Electron  Devices 

Center 

20 1  Var  ick  Si ree t 

Department  of  the  Navy 

New  York,  NY  10014 

57 

Orlando,  FL  32813 

Attn:  Technical  Library 

228 


Dist 

.  List 

for  ARL-TR-83-19  (cont'd) 

- 

Copy 

No. 

Copy  No. 

•  , 

'  j 

58 

Naval  Underwater  Systems 

University  of  Leeds 

: 

-•  « 

Center 

Department  of  Mathematics 

'ml 

J 

•  .*■-  ' 

New  London  Laboratory 

Leeds,  Yorkshire,  LS2  9JT 

•  « 

Detachment 

ENGLAND 

£ 

Technical  Center 

67 

Attn:  David  G.  Crighton 

New  London,  CT  06320 

; 

Institute  of  Sound  and 

- 

Brown  University 

Vibration  Research 

Department  of  Physics 

The  University 

Providence,  RI  02912 

Southampton  S09  5NH 

•  : 

59 

-  60 

Attn:  R.  T.  Beyer 

ENGLAND 

P.  J.  Westervelt 

68 

Attn:  Dr.  C.  L.  Morfey 

Georgia  Institute  of 

The  Institute  of  Scientific 

••  * 

Technology 

&  Industrial  Research 

- 

School  of  Mechanical 

Osaka  University 

Engineering 

Yamadakami,  Suita-Shi 

Atlanta,  GA  30332 

Osaka  565 

•  i 

61 

-  62 

Attn:  J.  H.  Ginsberg 

JAPAN 

v  . . 

P.  H.  Rogers 

69 

Attn:  Dr.  Akira  Nakamura 

« 

Kalamazoo  College 

Instituto  de  Acustica 

Department  of  Physics 

Centro  de  Fisica  Aplicada 

Kalamazoo,  MI  49007 

"Leonardo  Torres  Quevado" 

63 

Attn:  W.  M.  Wright 

Serrano,  144-Madrid-6 

SPAIN 

z. 

New  London  Laboratory 

70 

Attn:  J.  A.  Gallego-Juarez 

Naval  Underwater  Systems 

•v. 

Center 

Department  of  Electrical 

New  London,  CT  06320 

Engineering 

64 

Attn:  M.  B.  Moffett 

Nagoya  University 

Furo-Cho,  Chikusa-Ku 

University  of  Tennessee 

Nagoya,  464 

Department  of  Physics 

JAPAN 

Knoxville,  TN  37916 

71 

Attn:  T.  Kamakura 

65 

Attn:  M.  A.  Breazeale 

Yale  University 

• 

Technical  University  of 

Mason  Laboratory 

Denmark 

New  Haven,  CT  06511 

Fluid  Mechanics  Department 

72 

Attn:  Wesley  N.  Cobb 

Building  404 

DK-2800  Lyngby 

Matematisk  Institutt 

DENMARK 

Allegaten  53-55 

66 

Attn:  L.  Bj^rn«5 

5014  Bergen-U 

NORWAY 

73 

Attn:  Sigve  Tj^tta  and 

9~ 

Jacqueline  Naze  Tj^tta 
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The  Pennsylvania  State 

University  of  Bath 

University 

Claverton  Down 

Applied  Research  Laboratory 

Bath  BA2  7 AY 

P.  0.  Box  30 

ENGLAND 

State  College,  PA  16801 

74 

Attn:  Professor  H.  0.  Berktay 

82 

Attn:  Librarian 

Hoover,  Keith  and  Bruce,  Inc. 

83 

Yves  H.  Berthelot 

9730  Town  Park 

Houston,  TX  77036 

84  -  93 

David  T.  Blackstock 

75 

Attn:  Herbert  L.  Kuntz 

94 

James  M.  Estes 

Naval  Research  Laboratory 

Code  5135 

Washington,  DC  20375 

95  -  117 

Mark  F.  Hamilton 

76 

Attn:  D.  Trivett 

118 

Loyd  D.  Hampton 

Jet  Propulsion  Laboratory 

4800  Oak  Grove 

119 

T.  G.  Muir 

Pasadena,  CA  91103 

120 

David  A.  Nelson 

77 

Attn:  T.  G.  Wang 

121 

Richard  L.  Rolleigh 

MAR,  Incorporated 

East  Lyme,  CT  06333 

122 

James  A.  TenCate 

78 

Attn:  R.  H.  Mellen 

123 

Suk  Wang  Yoon 

Department  of  Physics 

and  Chemistry 

124 

Nonlinear  Acoustics  Project 

Naval  Postgraduate  School 
Monterey,  CA  93940 

125 

Library,  ARL:UT 

79 

Attn:  S.  L.  Garrett 

Westinghouse  Research  and 
Development  Center 
1310  Beulah  Road 
Pittsburgh,  PA  15235 

80  Attn:  F.  S.  McKendree 

The  Pennsylvania  State 
University 
331  Davey  Laboratory 
University  Park,  PA  16802 

81  Attn:  J.  D.  Maynard 
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